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LIFTING PREPROJECTIVE ALGEBRAS TO ORDERS AND 
CATEGORIFYING PARTIAL FLAG VARIETIES 

LAURENT DEMONET AND OSAMU lYAMA 


Abstract. We describe a categorification of the cluster algebra structure of multi-homogeneous 
coordinate rings of partial flag varieties of arbitrary Dynkin type using Cohen-Macaulay modules 
over orders. This completes the categorification of Geiss-Leclerc-Schroer by adding the missing 
coefficients. To achieve this, for an order A and an idempotent e € A, we introduce a subcategory 
CMeA of CM A and study its properties. In particular, under some mild assumptions, we 
construct an equivalence of exact categories (CMeA)/[Ae] = SubQ for an injective S-module 
Q where B := Ajic). These results generalize work by Jensen-King-Su concerning the cluster 
algebra structure of the Grassmannian CrmCC**). 
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1. Introduction 

In [GLS2) , Geiss-Leclerc-Schroer introduced a cluster algebra structure on some subalgebra A of 
the multi-homogeneous coordinate ring C[J^] of the partial flag variety F = F{A, J) corresponding 
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to a Dynkin diagram A and a set J of vertices of A. They prove that A = C[J^] in type A, 
and conjecture that the equality holds after an appropriate localization for any Dynkin type (see 
Section |6] for more details). This structure generalizes previously known cases of Grassmannians, 
introduced from the beginning for Gr 2 (C”) by Fomin and Zelevinsky [FZ2] (see also |BFZ) 1 and 
generalized by Scott for Grfe(C"') |Sco] . 

In the same paper, Geiss-Leclerc-Schroer introduce a partial categorification of this cluster 
algebra structure on A. A crucial role is played by the preprojective algebra 11 of type A and 
a certain full subcategory SubQj of mod 11 which is Frobenius and stably 2-Galabi-Yau. More 
precisely, they introduce a cluster character (p : SubQj — A which gives a bijection 

{reachable indecomposable rigid objects in SubQj}/ = 

(cluster variables and coefficients of A} \ (Aj | j S J}, 

where, for j G J, Aj is the corresponding principal generalized minor. 

One of the aim of this paper is to look for a stably 2-Calabi-Yau category extending SubQj 
whose reachable indecomposable rigid objects correspond to cluster variables and all coefficients 
of A. In |JKS] . Jensen-King-Su achieved this in the case of classical Grassmannians (ie. A = A„ 
for n > 0 and = 1) by using orders (see also [BKMj for an interpretation in terms of dimer 
models). In this article, we extend their method to any arbitrary Dynkin diagram A and arbitrary 
set of vertices J. 

Throughout the introduction, for simplicity, let R := A:|t]| be the formal power series ring over 
an arbitrary field k. For an i?-order A {i.e. an ii-algebra that is free of finite rank as an i?-module), 
we denote by GM A the category of Gohen-Macaulay modules over A {i.e. A-modules that are free 
of finite rank over R). For an idempotent e S A, we define 

GMgA := {X G GM A | eX G proj(eAe)}. 

We prove the following result: 

Theorem A (Theorems 16.101 and 16.1^ . Let A be a Dynkin diagram, and J be a set of vertices 
of A. Then, there exist a C\t\-order A, an idempotent e G A such that GMgA is Frobenius and 
stably 2-Calabi-Yau, and a cluster character if : GMg A —>■ A such that 

(a) Ip induces a bijection between 

• isomorphism classes of reachable indecomposable rigid objects of CMf, A; 

• cluster variables and coefficients of A. 

(b) Ip induces a bijection between 

• isomorphism classes of reachable basic cluster tilting objects o/GMe A; 

• clusters of A. 

Moreover, it commutes with mutation of cluster tilting objects and mutation of clusters. 

To prove Theorem we generalize techniques introduced by Jensen-King-Su |JKS] for Grass¬ 
mannians in type A (see also mu for Grassmannians of 2-dimensional planes in type A). Mean¬ 
while, we need to prove general results on orders. 

The study of Gohen-Macaulay modules (also known as lattices) over orders is a classical subject 
in representation theory. We refer to [Ausl IGRl ILWl ISiml lYosj for a general background on this 
subject. We also refer to |AlRl ISil IDLTI lDL2l IHIMOl ITVl HI IKSTll iKSTl IKR] for recent 
results about connections with tilting theory and cluster categories. 

We consider an i?-order A and an idempotent e G A such that B := A/(e) is finite dimensional 
over k. Let K := k{{t)) be the fraction field of R, U := \lom.A{B,Ae {K/R)) and SubC/ be 

the category of i?-submodules of objects (7" for n > 0. We consider the exact full subcategory 
mode A := {X G mod A | eX G proj(eAe)} of mod A. Under this setting, we prove the following 
generalization of a result of [JKS] . 
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Theorem B fTheorem 12.21) . Assume that Ae is injective in CMf. A and has injective dimension 
at most 1 in mode A. Then U is injective in mod B and there is an equivalence of exact categories 

B®a-- {CUeA)/\Ae] ^SuhU. 

In particular, if e and g are idempotents of an i?-order A such that Ae = as left 

A-modules and B = Ajie) is finite dimensional, then the hypotheses of Theorem [Bl are satisfied 
and U is the injective i?-module corresponding to the idempotent g (see Theorem 12.II) . Let us give 
a motivating example: 


Example. For n > 1, we consider the pair {A, e) defined as follows: 

^ ^ ^ 

•“ [(r) R 

We have Ae = Hom/i((l — e)A,R) and B = A/{e) = k[t]/{t'^). So according to Theorem [Bl 
[CMf. A)/[Ae] = Sub[/ = modS. Notice that here CM(eAe) = proj(eTe) so CMgAl = CM A. We 
can illustrate this fact by drawing the Auslander-Reiten quivers of CM A and mod B: 


1 0 
0 0 


CMe A : 

B^a- 


r R 1 


\ ^ 1 


\ ^ 1 

[r)J 

t 


' t 

[{t--^)\ 


mod B : 


k[t]/it)^k[t]/{t^) 


' R 


R 

[(^)J 

t 

R 


k[t]/{t-^)^k[t]/it-) 


where projective-injective objects are leftmost and rightmost in the first row and only rightmost 
in the second row. On the other objects, the Auslander-Reiten translation acts as the identity. 

As an application of Theorem |B1 we get the following, which is fundamental for Theorem lAl 


Corollary C (Corollary of Theorem 12.11) . Let B be a finite dimensional selfinjective k-algebra. 
We define a Gorenstein order A over R = kffl and an idempotent e of A by 


A-.= B 


R 

tR 


R 

R 


and 



0 

0 


Then we have an equivalence of exact categories (CMeA)/[Ae] = modi? which induces a triangle 
equivalence CM „A = mod i? between stable categories. 


We also prove a categorical version of Theorem [B] in the context of exact categories: 


Theorem D fTheorem 14.71) . Let £ be an exact category which is Bom-finite over a field k. We 
suppose that 

• {A,B) and {B,C) are torsion pairs in £; 

• £ has enough projective objects, which belong to C; 

• There exists a projective object P in £ which is injective in C and satisfies A = add P; 

• B is an abelian category whose exact structure is compatible with that of £. 

Then, there is an equivalence of exact categories 

C/\A] ^ Subli 

where Lf is an (explicitly constructed) injective object of B. 

Notice that we need and we prove more general versions of Theorems |B] and m with more 
technical hypotheses and more precise conclusions. 

The structure of this paper is as follows. In Section [21 we explain main results about orders 
over an arbitrary complete discrete valuation ring R, and provide more general and more detailed 
versions of Theorem m We also give a systematic way to construct pairs (A,e) satisfying the 
hypotheses of Theorem |B] for a prescribed algebra B. The results of Section |2] are proven in 
Section [SI In Section |31 we recall the basics of exact categories and we give sufficient conditions for 
an ideal quotient category £/[P] of an exact category by a subcategory T of projective-injective 
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objects to inherit the exact structure of £. In Section SI we give extended versions of Theorem [Pl 
Finally, in Sectional we prove Theorem 1X1 

Acknowledgement. We would like to thank Alastair King and Bernard Leclerc for valuable 
discussion about this topic. 


2. Main results 

2.1. Orders. Let i? be a complete discrete valuation ring and K be its field of fractions. Let A be 
an R-order, i.e. an i?-algebra which is free of finite rank as an ii-module. We denote by f.l. A the 
full subcategory of mod A consisting of finite length A-modules, or equivalently A-modules which 
are finite length over R. Recall that, in this context, a finitely generated A-module X is (maximal) 
Cohen-Macaulay if the following equivalent conditions are satisfied: 

(i) X is free (of finite rank) as an i?-module; 

(ii) Homyi(f.l. A, A) = 0, or equivalently socA = 0; 

(hi) Ext^(A, Hom/j(A, ii)) = 0, or equivalently, for any i > 0, Ext(^(A, Homi{(A, ii)) = 0. 

We denote by CM A the exact full subcategory of mod A consisting of Cohen-Macaulay A-modules. 
Since A is an ii-order, both A and Homi{(A, R) are in CM A. It is clear from (ii) that (f.l. A, CM A) 
is a torsion pair in mod A, which can be seen as coming from the co-tilting A-module Homij(A, ii). 
For an idempotent e of A, we consider a full subcategory of CM A: 

CMeA := {A G CM A | eA G proJ(eAe)}. 

This is clearly closed under extensions, and hence forms an exact category naturally. If eAe is a 
hereditary order {i.e. gl.dimeAe = I), then CMg A = CM A holds because CM(eAe) = proJ(eAe). 
Our first main Theorem, generalizing [.IKS] . is the following one: 

Theorem 2.1. Let A be an R-order, and e be an idempotent of A. Assume that the following 
conditions are satisfied: 

• B Af{e) satisfies lengthy ii < oo. 

• There is an idempotent g G A such that add Ae = add Homfl( 5 A, ii) as A-modules. 

Then the following assertions hold. 

(a) We have an equivalence of exact categories 

F = B i^A — ■ (CMe A)/[Ae] ^ SubQg 

where Qg is the injective B-module associated with the image of the idempotent g in B. 

(b) A quasi-inverse of F is Hom/i(r2^ Hom/i(—, A/ii), ii) where LIa is the syzygy over A. 

We assume in addition that the following hypotheses hold: 

• There is an idempotent f G A such that add Af — add Hom/j(eA, R) as A-modules. 

• eAe is a Gorenstein order. 

Then the following conclusions hold: 

(c) The module Qg is a projective B-module satisfying add Qg = addBf. 

(d) If A G CMe A, then SubQg = Sub B . 

We suppose in addition that A and Hom/i(A,ii) are in CMe A. 

(e) The order A is Gorenstein if and only if B is Iwanaga-Gorenstein of dimension at most one, 
i.e. inj.dimsi? < 1 and inj.dimi?B < 1. 

(f) If the conditions in (e) are satisfied, then we have triangle equivalences 

CM „A = SubQg = SubR. 

where CM ^A := (CMe ^)/[^] and Sub R = (Sub B)/[B]. 
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Corollary [C] presented in the introduction is an immediate consequence of Theorem 12.11 as it 
is immediate that Ae = ^ouYfi{gA,R) for g := 1 — e in that case. In this paper, a more general 
version of Theorem 12.11 plays an important role. Again let A be an i?-order and e an idempotent 
of A. Let 

mode A := {X S mod A | eX € proj(eAe)}. 

We consider the following conditions: 

(El) Ae is injective in CMe A, or equivalently, Ext) 4 (CMe A, Ae) = 0; 

(E2) Ext^„d^^(mode A, Ae) = 0; 

(E2)+ Ext^(mode A, Ae) = 0. 

We recall the definition of Ext^’s in Section [3] for exact categories £. Notice that, for a subcat¬ 
egory £ of mod A, Extg is not necessarily the restriction of Ext) 4 , except for i = 1. In Lemma [5771 
we prove the following implications: 

• We have (E2)+ (E2). 

• If Ae = Hom/{(gA, R) for some idempotent g € A, then (El) and (E2)+ are satisfied. 

• If (El) is satisfied and A € CMg A, then (E2)+ is satisfied. 

Theorem O follows from the following result: 

Theorem 2.2. Let A be an R-order and e an idempotent of A such that B := Aj{e) satisfies 
lengthy B < oo. 

(a) (add Ae, mod B) and (mod B, CMe A) are torsion pairs in mode A. 

(b) Let £i := {X G mode A | Ext\{X,Ae) = 0}. We have an equivalence 

B 0A — ■ ^i/[Ae] ^ mod B. (2.1) 

If (El) is satisfied, then the following assertion holds. 

(c) Let U := Hom^(i3, Ae®/? (AT/i?)) G modi? where K is the fraction field of R. The equivalence 
(EB restricts to an equivalence 

: (CMeA)/[Ae] ^Subt/. (2.2) 

If (El) and (E2) are satisfied, then the following assertions hold. 

(d) U is an injective B-module. 

(e) (EH) and (1^ are equivalences of exact categories, where fi/[Ae] and (CMeA)/[Ae] inherit 
canonically the exact structure of £i and CMe A (see Section W- 

(f) The exact categories £i, CMe A, mode A oLrid SubC have enough projective objects and enough 
injective objects. 

(g) Let P be a projective cover of socU as a B-module. Then, we have the equality £i = {X G 
mode A I Homyi(P, X) = 0}. 

2.2. Change of orders. We give a systematic method to construct pairs of orders and their 
idempotents which satisfy the conditions (El) and (E2). 

Let A be an P-order, e an idempotent of A and B a factor algebra of A/(e). We suppose that 
the following two conditions are satisfied. 

(Cl) lengthy B < oo; 

(C2) P G Sub(Ae®i? (iC/P)). 

Let modf A be the category of all X G mod A such that there exists an exact sequence 

with P G add Ae and Y G mod B. Let CMf A := CM A n modf A and consider the condition: 

(C3) ExtJi(CMf A,Ae) =0. 
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We will construct a new order A' under this setting. Thanks to (C2), there is a monomorphism 
L : B ^ {Ae 0^ {K/R))®^. Applying Ae®^ — to the exact sequence O^R^K^K/R^O 
and taking a pullback via l, we get a short exact sequence 

P ^ B 

with P £ addAe and B G CM A. We clearly have B G CM^ A. Using (C3), one can check B is 
independent of the choice of 6 up to a direct summand in add Ae (see Theorem 14.II (a)). 

• Let W := Ae® B and A' := Endy 4 (tU). 

We can regard naturally e as an idempotent of A'. Notice that A' is uniquely defined up to Morita 
equivalence. 

Theorem 2.3. We assume that (Cl), (C2) and (C3) hold. Then the following assertions hold. 

(a) We have a canonical isomorphism B = A'/(e) of R-algebras. 

(b) We have (El) Ext^/(CMe A', A'e) = 0 and (E2)® Ext^/ (mode A', A'e) = 0. 

(c) Let U := [B, A'e ® r {K/R)) G modi?. Then U is an injective B-module and we have 

an eguivalence of exact categories 

B®a'-- (CMe A')/[A'e] ^ Sub U. 

(d) The functors iiomA{W, —) : mod A —mod A' and W ®a' — ■ mod A' mod A induce quasi¬ 
inverse equivalences of exact categories between modf* A and mode A' on the one hand, and 
between CM^ A and CMe A' on the other hand. 

(e) We have a commutative diagram 


B® 

CMe A'-^ Sub U 

CMf A-^ mod B 

® B®a- 

where all functors induce isomorphisms of Ext^ and the left side is an equivalence of exact 
categories. 

Let us finally introduce a simple criterion for (Cl), (C2) and (C3) to be satisfied: 

Lemma 2.4. Let A be an R-order, e an idempotent of A and B a factor algebra of Af{e). Let 
us assume that there exists an idempotent g G A such that Ae = Homfl(grA, ii). Then (C3) holds. 
Moreover, if (Cl) holds, then (C2) holds if and only if (1 — g) soc B = 0. 

We will prove Lemma 12.41 at the end of Subsection 15.31 

In the rest of this subsection we give an example illustrating Theorem 12.31 Let i? = 11 be the 
preprojective algebra of type A 3 over a field k. In other terms 


n = fc 



(ai/3i, 02/32 - ,8 iQ;i,/32Q;2)- 


This algebra can also be realized as the following subquotient of the matrix algebra M 3 (fc[e]): 

k[e]/{e) k[e]/{e) k[e]/{e) ' 

{e)/{e^) k[e]/{e^) k[e]/{e) . 

{e^)/{e^) {e)/{e^) k[e]/{e) \ 


n = 
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Figure 1. Auslander-Reiten quiver of CMg A. 


Let us denote R := kft} and S := The i?-order considered in Corollary [Cl is 


S/{s) 

S/{e) 

S/{e) 

S/{s) 

S/{e) 

S/{e. 

{e)/{s^) 

S/{s^) 

S/{e) 

{e)/{s^) 

S/{s^) 

S/ie 


{e)/{s^) 

S/{e) 


{e)/{e^) 

S/{e. 

{t)/{t£) 

(f)/(te) 

{t)/{te) 

S/{s) 

S/{e) 

S/{e 

{te)/{t£^) 


{t)/{te) 


S/{s^) 

S/{e 

(te2)/(te3) 




{e)/{e^) 

S/{e 


On Figure[I] we draw the Auslander-Reiten quiver of CMe A, with notations ij := 

[zj] := and ij—ij := {{£^p,e^q) € ij x ij \ p — q G {t, £)/{£)}. Thus, the identity of 

S induces a map ij —>■ i'j' if and only if {j,i) > (j^*0 for the lexicographic order and analogous 
rules can be computed for [^. All arrows are induced by multiplications by an element of S', which 
is ±1 when it is not specified. 

Let 63 , 62 , 61 , gi, g 2 and 53 be the idempotents corresponding, in this order, to the rows of the 
matrix. They satisfy Aei = Hom/j( 5 iA, i?) and Agi = Hom/j(eiA, i?) as A-modules. We fix the 
idempotent e = ei -|- 62 -b 63 . According to Corollary[Cl we have an equivalence of exact categories 

(CMe A)/[Ae] ^ modn. 

On Figured we draw the Auslander-Reiten quiver of CMe A, replacing objects which are not in 
add Ae by their image by F in Sub 17 = mod 11 (here U = 11). We obtain the Auslander-Reiten 
quiver of mod If by removing framed objects. The general relation between Auslander-Reiten 
quivers of CMe A and Sub 17 will be discussed in m- 

We explain the way to compute the minimal preimage of an object of Sub 17 by F in this 
example. First, we know that preimages of simple modules are coradicals of indecomposable direct 
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Figure 2. Auslander-Reiten quiver of CMgA. Objects are represented by their 
image by F except objects of add Ae. 


summands of Ae. Thus, we find F(S'j’) = S*!, = S 2 and F{S^) = S 3 where 


S/{e) 1 


r S/{e) 1 


\ S/{e) 1 

S/{e) 


S/{e^) 


ie)/{e^) 

S/{e) 

qo _ 

ie)/{e^) 

qo _ 

(£2)/(£3) 

S/{e) 

O 2 — 

{t)/{t£) 

O 3 — 

{t)/{t£) 

{t)/{t£) 




{t£)/{t£^) 

{t)/{te) _ 




[ \ 


Let us calculate the preimage AT® of ^^3 
0-s- Aei © Aes — 


0 -^ Aei © Aes 


which permits us to get 

S/ie) S/{e) 

S/ie) {e)/{e^) 

^ S/{e) (e^)/(e3) 

S/{e) {t)/{t£) 

S/{e) — {e)/{e^) 

{t)/{te) (e2)/(e3) _ 

where [^/(e) — (e)/(e^)] := {(a;, ey) G S/i^e) x {£)/{£^) \ x-y&{t, e)/(£)}. 

Now, we apply Theorem 12.dl Let e' := Ci + 63 and B' := n/(/3iai). As a i?-module, 

B' ^ ^2g © i2g 0 ^2^ . 


by F. There exists a pullback diagram 
S'? © SI -^ Si © S 3 -^ 0 

[ r 

--x--► 123 -.0 

:: \ 

S2^^^=S2 
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Figure 3. Auslander-Reiten quiver of CMg/ A!. On the left diagram, objects are 
represented by their image by F except objects of add A!e'. 

Thanks to Lemma 12.41 B' and e' satisfy the hypotheses of Theorem 12.31 Then, keeping notations 
of this subsection, we have W = Ae\ © Ae^ © Agi © X° © A 53 . Then, A' := End^(kF) is easy to 
compute: 


S/{e) 

S/{e) 

S/{e) 

S/ie) 

S/is) 

S/is) 

(£2)/(e3) 

S/ie) 

S/{s) 

S/is) 

is^)/is^) 

(£2)/(e3) 

(te2)/(te3) 

it)/(te) 

S/is) 

it)/its) 

is^)/is^) 

is^)/is^) 

(£2)/(e3) 

it)/(te) 

S/{s) 

S/is)^ 

Ae^)/ie^) 

is^)/is^) 

(t)/(te) 

S/ie) 

S/is) 

S/is) 

S/is) 

S/is) 

(t)/(te) 

it)/(te) 

S/{s) 

S/is) 

it)/its) 

S/is) 


where [^/(e) — ^/(e)] := {{x,y) G S/{e) x S/{e) \ x — t £ {t)/{te)}. 

Thanks to Theorem 12.31 we have iCMe ' A')/\Ae'] is equivalent to the subcategory of mod If 
consisting of modules whose socle is supported at vertices 1 and 3. To illustrate this fact, we give 
two representations of the Auslander-Reiten quiver of CMg/ A' on Figure [3] 

2.3. Notations. In this paper, if f : X Y and g : Y ^ Z are two morphisms in a category, we 
write fg:X^Z for the composed morphism. 

Let Ab be the category of abelian groups. For an additive category A, an A-module is a 
contravariant additive functor F : A ^ Ab. We say that A-module F is finitely generated if there 
exists an epimorphism of functor Hom_ 4 (A, A) — F for some X £ A. 

3. Results on exact categories 

The aim of this section is to study ideal quotient categories £-l\T\ of an exact category f by a 
full subcategory T consisting of projective-injective objects. More precisely, we study conditions 
for £/[F] to inherit the exact structure of £. In particular, we prove that it is the case if and only 
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if admissible monomorphisms and epimorphisms are mapped to categorical monomorphisms and 
epimorphisms by the canonical projection £ —>■ £/[J-]. This is a particular case of Theorem Id.fil 

3.1. Preliminaries about exact categories. We recall here main definitions and elementary 
results about exact categories. We consider an additive category £ endowed with a family S of 
pairs of morphisms (/, g) of £ where / is a kernel of g and 5 is a cokernel of /. We denote such a 
pair 

and for (/, g) G S, we call (/, g) an admissible short exact sequence^ f an admissible monomorphism 
and g an admissible epimorphism. We call {£, S) an exact category if it satisfies the following axioms 
due to Quillen |Qui| modified by Keller fKill Appendix A]: 

(ExO) S is stable under isomorphisms and contains split short exact sequences of the form 

(Exl) The composition of two admissible epimorphisms is an admissible epimorphism; 

(Exl)°P The composition of two admissible monomorphisms is an admissible monomorphism; 
(Ex2) For any admissible short exact sequence 

0^ X ^ Z 

and morphism v : Z' ^ Z^ we can form a pullback diagram^ i.e. a commutative diagram 
of the form: 

0- ^ A —^ Y' —^ Z' - s- 0 

II I"' I’' 

0-^ A - ^Y --^0 

/ 3 

where the first row is an admissible short exact sequence; 

(Ex2)°P For any admissible short exact sequence 

o^aAtAz^o 

and morphism u : X A', we can form a pushout diagram, i.e. a commutative diagram 
of the form: 

0 -^ A ^ > Y —^ Z'-^ 0 



0-^ A'-^ Y' -^ Z-^ 0. 

/' g' 

where the second row is an admissible short exact sequence. 

We often write £ instead of [£,S) when we consider only one exact structure on £. When 
not specified, we use the term short exact sequence (respectively, monomorphism, epimorphism) 
for admissible short exact sequence (respectively, admissible monomorphism, admissible epimor¬ 
phism). In contrast, we use categorical monomorphism (respectively, categorical epimorphism) for 
a monomorphism (respectively, epimorphism) which is not necessarily admissible. 

We will use freely the following easy facts about exact categories: 

• In (Ex2), we have the following admissible short exact sequence: 

0 ^ r' y © z' z ^ 0; 

• In (Ex2), if V is an admissible epimorphism, then v' is also one and Keru = (Keru')^'; 

• In (Ex2), if V is an admissible monomorphism, then v' is also one and Coker u' = ^(Cokeru); 
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• In (Ex2)°P, we have the following admissible short exact sequence: 

r /'1 

0 ^ X X' ®Y Y' 0; 

• In (Ex2)°P, if u is an admissible epimorphism, then u' is also one and Keru' = (Keru)/; 

• In (Ex2)°P, if u is an admissible monomorphism, then so is u' and Cokeru = /'(Cokeru'); 

• If a morphism is an admissible monomorphism and an admissible epimorphism, then it is 
an isomorphism; 

• If, in a morphism of short exact sequences, the left and right components are admissible 
monomorphisms (respectively, epimorphisms), then the middle one is; 

• In (Ex2) and (Ex2)°p, the diagrams are uniquely determined up to unique isomorphisms. 
Let us recall the following definition: 

Definition 3.1. A functor F between exact categories {£,S) and {£',S') is exact if F{S) C S'. 
An object A G f is projective (respectively, injective) if Hom£:(A, —) (respectively, Hom£(—,A)) 
is exact. We say that £ has enough injective objects (respectively, enough projective objects) 
if for any X G £ there exists a short exact sequence 0 —t-A—>/——>- 0 (respectively, 
0^-A —^-A^-Ojin^ such that / is injective (respectively, P is projective). 

Recall that these notions permit to define extension functors Ext^ which satisfy the expected 
properties, either from Yoneda’s structure of long exact sequences, or using projective resolutions 
if £ has enough projective objects, or using injective resolutions if £ has enough injective objects, 
or more generally using the derived category of £. 

Throughout this paper, we will use the following definition: 

Definition 3.2. Let £ and £' be exact categories and P : f f' an exact functor. We say that F 
is exact bijective if the induced morphism Ext^(—,—) —> Extg,{F—,F—) is an isomorphism. We 
say that F is an equivalence of exact categories if it is an exact bijective equivalence of categories 
(or, equivalently, an exact equivalence of categories with an exact quasi-inverse). 

A typical example of exact bijective functor arises when f is a full exact subcategory of £' (i.e. 
a full subcategory which is closed under extensions). 

Remark 3.3. Assume F : £ —^- £' is a dense and exact bijective functor. 

(a) For any X G £, X is projective (respectively, injective) if and only if PA is projective (respec¬ 
tively, injective). 

(b) £ has enough projective (respectively, injective) objects if and only if £' has enough projective 
(respectively, injective) objects. 

(c) £ is Frobenius if and only if £' is Frobenius. 

We give an elementary result about second extension groups: 

Proposition 3.4. Let F : £ ^ £' be an exact bijective functor. Then, it induces a canonical 
natural monomorphism Ext£(—, —) Ext£(P—, P—). 

Proof. The existence of a map (p : Ext£(—,—) —> Ext^(P—,P—) is immediate. We consider an 
admissible 4-terms exact sequence ^:0—^A—>Yi—>> 2 —^0 which, by definition, comes 
from two short exact sequences 

: 0 ^ A ^ Yi r 0 and ^2 : 0 ^ Y ^ Y 2 ^ Z ^ 0. 

Suppose that ^ G Ker ipz,x- Applying Hom^(—,A) and Hom^/(—,A) to ^2 gives a commutative 
diagram of exact sequences: 

Ext^(r 2 , A)-^ Ext£(y, A)-^ Ext^(z, A) Ext|(Y 2 , A) 

II II I 

Ext£,(y 2 ,A)-^Ext^,(r,A)-^Ext£,(Z,A)-^ Ext£,(y 2 , A). 
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By Definition of Yoneda product, ^ S KerExt£(u, X), so an easy diagram chasing gives ^ = 0. □ 

Let us define important concepts: 

Definition 3.5. Let f be a Krull-Schmidt additive category and £' G £ an additive subcategory. 

(a) We say that f : X ^ Y in £ is left minimal if for any g G End£(Y) such that fg = f,g is 
invertible, or equivalently if for any idempotent e € End£(Y), fe = f implies e = idy. 

(b) We say that g :Y —>■ Y in f is right minimal if for any / G Ends(Y) such that fg = g, / is 
invertible, or equivalently if for any idempotent e G End£(Y), eg = g implies e = idy. 

(c) We say that f : X ^ X' in £ is a left £'-approximation (of X) ii X' G £' and any morphism 
from X to any object of £' factors through /. 

(d) We say that g : X' —Y in f is a right £'-approximation (of Y) if X' G £' and any morphism 
from any object of £' to Y factors through g. 

Notice that, in the situation of the previous definition, if an object X G £ admits a left (respec¬ 
tively right) ^'-approximation, then it admits a left (respectively right) minimal ^'-approximation 
which is unique up to isomorphism. 

3.2. Exact ideal quotients of an exact category. Let {£,S) be an exact category and £' a 
full subcategory of £ which is closed under extensions. Then {£',£') forms an exact category for 
the family S' of all admissible exact sequences in S whose terms belong to £'. 

We denote by Y a subcategory of £ satisfying Eyit\{iF,£') = Eyit\{£',iF) = 0. Let S'j: be the 
class of pairs of morphisms in £'/[T\ which are isomorphic to a pair in Tr)^') where tt : f' —>■ £'/[J-'] 
is the canonical functor. 

Theorem 3.6. The following are equivalent: 

(i) {£'/[X],S'jr) is exact; 

(ii) For any admissible monomorphism (respectively, epimorphism) f of {£',S'), 7r(/) is a cate¬ 
gorical monomorphism (respectively, epimorphism) in £'/[F']. 

In this case, tt : f' —>■ £' l\T\ is automatically exact bijective. 

Proof. © ^ (HH is trivial. Let us prove the converse. Let us first check that any {f,g) is 

a kernel-cokernel pair. By (|n|), f is a monomorphism and g is an epimorphism. By definition, we 
can lift {f,g) to {f,g) G S'. Suppose that fh = 0 for some morphism h of £'/[F]. By definition, 
it means that there is a commutative diagram in £ of the form 

0-^ Y—^ -^0 

F - ^Z' 

f 

with F G F. As Ext£(Z, F) = 0, there exists u : Y ^ F such that h' = fu. Thus, h = uf gv 
for some v \ Z ^ Z' and h = gv holds. It proves that g is a cokernel of /. Dually, we prove that 
/ is a kernel of g. 

Let us check axioms of exact categories one by one: 

(ExO) Obvious. 

(Exl) Suppose that g : X ^ X' and g' : X' ^ Y" are epimorphisms in S'jr. It is easy to 
check that we can lift them to admissible epimorphisms g : X (B Fi —>■ Y' © Ej and 
g' : Y' © F 3 —>• Y" © E 4 of £'. Thus gg' can be lifted to an admissible epimorphism 
Y © El © F 3 —>■ Y" © E 2 © E 4 in £' using (Exl) in {£', S'). By definition, gg' is then an 
epimorphism in <S^. 

(Exl)°P Dual of the previous. 

(Ex2) Let g : Y Z he an epimorphism in and V : Z' ^ Z he a morphism in £' l \ F \. Without 
loss of generality, we can suppose that they come from lifts g :Y ^ Z and v : Z' ^ Z in 
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E' where g is an admissible epimorphism. Thus, we can complete the pair to a pullback 
diagram 


Y' -^Z' 

I’' 

Y - 

a 

in 8 ' where g' is an admissible epimorphism. Then 0 —^ F' —>■ Z' 0 y ^ Z —^ 0 is in 
S', and its projection to S'/[J-] is in S'jr. Thus the diagram is also a pullback diagram in 
S 'and g' is an epimorphism in S'jr. 

(Ex2)°P Dual of the previous. 

We have finished proving the equivalence. Let us check that the projection ir : S' ^ S'l\T\ is 
exact bijective. First of all, for X, Z G S'^ the induced map Fixtg,{Z, X) —)> Ext^/^j^Tr] (ttZ, ttX) is 
clearly surjective. To prove that it is injective, let us consider a short exact sequence 

0^x4f4z^0 (3.1) 

which splits in S'/[T]. By definition, it means that there is g' ■. Z ^ Y and two morphisms 
u : Z ^ F and v : F ^ Z with F € F such that id^ = g'g + uv. As Ext^Aj AT) = 0, there exists 
v' : F ^ Y such that v = v'g. Thus id^ = {g' + uv')g holds, and (13.11) splits in S'. Therefore 
Ext£/(Z, A) —>■ Ext£/[_p]( 7 rZ, ttA) is injective. □ 

In the rest of this section we give sufficient conditions for Theorem 13.61 (|ii|) to hold. For two 
subcategories B and C of S, we denote by C \ S the full subcategory of S consisting of X such 
that for any complex Y ^ B ^ X with B € B and Y G S', there exists a morphism of complexes 

Y —^B^—^X 

\ \ II 

C -^ B' -^ A 

s' /' 

with B' G B and C G C. Notice that [S' \ 6 ] = £ holds since we can choose f = f and g' = g. 
Dually, we denote hy B /Z C the full subcategory of S consisting of A such that for any complex 

X ^ B ^ Y with B G B and Y G S', there exists a morphism of complexes 


X 

^B' 

1 

1 

X 

-^B 

-^F 


with B' G B and C gC. As before, we get [B ^ S'\ = S. We get the following corollary: 

Corollary 3.7. LetV (respectively, X) be the full subcategory of S consisting of objects X satisfying 
Fxi\{X,S') = 0 (respectively, Ext^)^', A) = 0). If S' C (A /> [I \ F]) n {[F /^V]\F) then 
{S'/[F] ,S'jr) is an exact category. 

Proof. We need to prove Theorem 13.61 (Ini) . We do it for admissible monomorphisms. Let 0 —>■ 

aA-F AZ—>0bea short exact sequence in S', and let u : A' —>• A be a morphism such that 
uf = 0 in S/[F]. Then uf = f'u' holds for some /' : A' —>• F' and u' : F' ^ Y with F' G F. 
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Suppose first that X' ^ \T /^V\. By definition, we can complete a commutative diagram 


0 


X' 

X' 

4 

-X 


F ■ 




■F' ■ 





0 


with a/3 = 0 and F ^ T and P GV. As Ext 5 (P, X) = 0, v” = g''g for some g” : P ^ Y and we 
get easily v'u' = Pg" + /"/ for some f" : F ^ X. We deduce that af'f = av'u' — afig” = uf. 
As / is a monomorphism, af' = u and therefore u = 0. 

Let us now suppose that X' G . As Z G {[F V\ \ F), we can complete the following 
commutative diagram 


0 


4 


A' 



q; 


/' 


/ 




F' 


Y- 


P 


u'g 


g 


z 

Z 

Z 


0 


with a/3 = 0 and F G F and A G [F V\. Then, as Ext£(F, A) = 0, we get /3 = P'g with 
P' ■. F ^ Y and, as / is the kernel of g, there exist a' : A ^ A such that aP' = a'/. As 
A G [F /^V] and a' J =0, by the first part of the argument, d' = 0. 

Finally, by an easy diagram chasing, there exists w : F' ^ X such that v! = v'P' + wf. So 
we get uf = f'u' = f'v'P' + f'wf = vaP' + f'wf = va'f + f'wf. As / is a monomorphism, we 
deduce that u = va' + f'w. Thus u = 0 holds since d' = 0. □ 


In the rest of this section, we give three special cases as an application. Notice that the first 
case recovers Chen’s result [Chel Theorem 3.1] for E' = E. 

Corollary 3.8. (a) If, for any X G E', there exist left and right F-approximations and pseudo¬ 
cokernel and pseudo-kernel 

X ^F^ ^ P^ and Ix ^ Fx ^ X 

such that P^ G V and Ix G I then {E' /[F], S'x) is an exact category. 

(b) If, for any X G E' there exists a left F-approximation X —^ F^ which is a categorical epimor- 
phism, then {E'/[F],S'jr) is an exact category. 

(c) If, for any X G E' there exists a right F-approximation Fx —>• A which is a categorical 
monomorphism, then (E' /[F],S'jr) is an exact category. 

Proof, (a) Let A —>■ F —>■ T be a complex where X,Y G E' and F G F. It is easy to complete the 
following commutative diagram 

A-s- F^ -^ P^ 

II I i 

A- ^F - 

so E' C [F /A V]. Thus we have E = [E' \ A] C ([A P] \ F). Dually we have 
E = {F^[I\F]). 

(b) By the same argument as the beginning of (a), we get E' C [A 0]. So 

C [A^O] C (A^ [X\ A]) and f = [f'\ A] C ([A / 0] \ A) C ([A ^ A] \ A). 

(c) Dual of (b). 


□ 
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3.3. On some Probenius subcategories of exact categories. When we have an admissible 
monomorphism f : X ^ Y in an exact category, we say that X is an admissible subobject of 
Y. Dually we define an admissible factor object. For a full subcategory £' of an exact category 
£, we denote by Subf' the smallest full subcategory of 8 which is closed under direct sums and 
admissible subobjects and contains £'. 

We recall that an exact category is Frobenius if it has enough injective objects, enough projective 
objects and they coincide. This subsection is devoted to prove the following result. 

Proposition 3.9. Let £ be an exact category which has enough projective objects and enough 
injective objects. Let U be a subcategory of injective objects in £ satisfying U = addW, and T> := 
SuhlA. Assume that projective objects of £ and those ofF coincide. Then the following assertions 
hold. 

(a) V is closed under extensions. 

(b) V is Frobenius if and only if the following conditions are satisfied: 

• U is projective-injective in £ for any U €U. 

• Each projective object of £ has injective dimension at most 1 and each injective object of 
£ has projective dimension at most 1. 

(c) If the conditions in (b) are satisfied, then Li is the category of projective-injective objects in£. 
Part (a) is an easy consequence of horseshoe lemma. Let us start by the following Lemma: 

Lemma 3.10. Assume that any object in Li is projective in £. Let O^E^E' ^1^0 be 
an exact sequence in £ with I injective. Then Hom£(X>,/) : Hom£(X>,if') —> Hom£(X>,/) is an 
epimorphism. 

Proof. Take a morphism g : D ^ I with D € F. Then there exists an admissible monomorphism 
i : D ^ U with U G Li. Since I is injective in £, there exists s : U ^ I such that g = is. Since U 
is projective in £, there exists t : U ^ E' such that s = tf. 

0-^ E -^ E' —^ I -^ 0 



D - 

i 

Since g = itf, we have the assertion. □ 

Let us now prove the proposition. 

Proof of Provo.sition fOI (b) Suppose that F is Frobenius. Note that our assumptions imply 
that projective objects in £, projective objects in F and injective objects in F coincide. 

Fix any U G Li. Then U is injective in £ by our assumption, and hence U is injective also in F. 
Therefore [/ is projective in £ by the remark above. 

Let P be a projective object in £. Then P is projective-injective in F. Since our assumptions 
imply C F, we have Ext£(£i, P) = Ext£(flf (f), P) = 0. Thus P has injective dimension at 

most one in £. 

Let I be an injective object in £. We take an exact sequence 

0 ^ ^ P 4 / ^ 0 (3.2) 

with a projective object P in £. Our assumptions imply P G F and Lleil) G F. We apply 
Homg)!?, —) to (13.21) to get the exact sequence 

Hom£(P,P) ^RomsiF,!) Ext^(P, ^Ex4(P,P) =0. 


By Lemma [3.101 we have Extg)!?, flg^I)) = 0. Thus fig(/) is projective-injective in F so projective 
in £, and the assertion follows. □ 
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Proof of Provosition \S.9\ (b) <^. Let P be a projective object in V. By our assumptions, P is 
projective in £, and there exists an exact sequence with injective objects 

/o, in £. Applying Hom£(X>, —), we have an exact sequence 

Hom£(I?,/°) Hom£(P,/i) Ext£(P,P) Ext£(P,/°) = 0. 

By Lemma [3. 101 we have Ext£(I?, P) = 0. Thus P is injective in V. 

Let / be an injective object in V. Since £lsi£) C T), we have Ext£(£',/) = Ext^(f 25 (f),I) = 0. 
Thus I has injective dimension at most one in £. Now we take an exact sequence 

0^ I ^ E ^0 (3.3) 

with U € U and E £ £. Since U is injective in so is E. Thus E has projective dimension at 
most one in £. Since U is projective in £, so is I. Thus / is projective in 

Since £ has enough projective objects and £Ie{£) C V holds, V also has enough projective 
objects. It remains to prove that V has enough injective objects. Eix D £ V and take an exact 
sequence 0 ^ D ^ U E ^ 0 with U £U and E £ £. Since £ has enough injective objects by 
our assumption, there exists an exact sequence 0—J-E—5>/—5>E'—?>0 with an injective object I 
in £ and E' £ £. Let 0 —Pi —>■ Pq —t I —5> 0 be a projective resolution of I in £. We have a 
commutative diagram of exact sequences: 

0 0 

I 1 

0-s- Pi-^ A-^ E -^ 0 

II i I 

0-s- Pi-^ Po-^ I -^ 0 

i 1 

E' ^=E' 

\ 1 

0 0. 

Since Pq £ V, the middle column shows X £ V. On the other hand, we have the following 
commutative diagram of exact sequences: 

0 0 

I I 

Pi^=Pi 

I I 

0-^ A-^0 

II I 1 

0- ^E -^0 

1 1 

0 0. 

As Pi is projective-injective in V, the middle column splits and Y = P © Pi is injective in V. The 

middle row gives an injective hull of P in P. □ 

Proof of Provosition \S.fA (c). Let P be a projective-injective object in £. Then it belongs to V, 
and there is a short exact sequence O^P^P —)-P—:>0 with U £ 14 and E £ £. Since P is 
injective in £, this sequence splits. Thus P belongs to lA. □ 

4. Equivalences arising from torsion pairs on exact categories 


Throughout this section, we assume the following. 

• is an exact category which is Krull-Schmidt. 
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• {A, B) is a torsion pair of £, that is, the following conditions are satisfied: 

- A and B are full subcategories of £ such that Hom£(^, B) = 0. 

— For any E £ £, there exists an exact sequence O^A—^E—^B—^0 with A £ A and 
B£B. 

Then A is closed under taking extensions and admissible factor objects, and B is closed under 
taking extensions and admissible subobjects. On the other hand, the natural inclusion functor 
B ^ £ has a left adjoint functor F : £ ^ B. This is dense and induces a dense functor 

F : £/[A] B. 

4.1. Basic properties of F : B. We consider the full subcategories of £ defined by 

£i = {X££\ Ext^(X,.A) = 0}; 

£2 = {X ££\ Ext£(X,yl) = 0, Ext|(X,yl) = 0}. 

The subsection is devoted to prove the following result: 

Theorem 4.1. We have the following assertions. 

(a) The funetor F : £i/[A] ^ B is fully faithful. 

(b) The essential image of F : -£ B is the subcategory consisting of B £ B such that 

Fxtl:{B,A) is a finitely generated A°^-module. 

(c) //Ext^(.4, B) = 0, then F : £2 ^ B is exact bijective. 

(d) If any object in A is projective in £, then £ 2 /[A\ inherits canonically the exact structure of £2 
and F ■. £ 2 /[Aj\ -£ B is exact bijective. 

We denote by T : £ ^ A the right adjoint functor of the inclusion functor A ^ £. Then for 
any E £ £, there exists a short exact sequence 

O^TE A E ^ FE ^0 

in £ with TE £ A and FE £ B. Clearly / is a right .A-approximation and g is a left B- 
approximation. 

The proof of Theorem 14.11 is divided into Lemmas 14.2114.3114.51 and 14.61 

Lemma 4.2. The functor F : £i ^ B induces a fully faithful functor F ■. £i/[A\ ^ B. 

Proof. Fix X,Y £ £ 1 . Applying Hom£(Ar, —) to the short exact sequence 0 —>■ TY — >• F — >• FY — >• 
0 , we obtain the short exact sequence 

0 ^ Aomg{X,TY) -£ Hom£(A:,F) ^ lloms{X,FY) -£ Ext^iX, TY) = 0 
the last equality follows from X £ £ 1 . So 

nZl'x.TY) = 

where we use the fact that the first arrow of TY ^ F is a right A-approximation. On the 
other hand, using adjunction we have an isomorphim Hom£:(EX,FF) = Hom£(X,FF). Thus the 
assertion follows. □ 

Next we prove the following observation. 

Proposition 4.3. The following conditions are equivalent: 

(i) F : £i ^ B is dense. 

(ii) Ext£(F, A) is a finitely generated A°^-module for any B £ B. 

This follows immediately from the following result for Krull-Schmidt exact categories, which is 
a generalization of [SB Proposition 1.4]. 

Lemma 4.4. Let X be a Krull-Schmidt exact category, and y a subcategory of X which is closed 
under extensions and direct summands. For X £ X, the following conditions are equivalent: 
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(i) There exists an exact sequence Z ^ X ^ 0 with Y € y and Ext^(Z, y) = 0. 

(ii) Ext;^(X, F) is finitely generated y°^-module. 

We include a proof for the convenience of the reader. 

Proof. (i)=>(ii) Applying Hoin;t(—, F) to a short exact sequence 0—>-F —>-Z—>-A—>-0, we obtain 
the exact sequence 

liomx{Y,y) ^ Ext^(X,F) ^ Ext\.(Z,y) = 0 . 

Thus Ext^(A,F) is a finitely generated A’°^-niodule. 

(ii)^(i) Since y is Krull-Schmidt, there exists a projective cover tp : Hom;t'(F, F) —^ Ext^(A, F). 
Let 

be a short exact sequence represented by (p(idY) € Ext^(A, Y). Since (p is right minimal, / belongs 
to radA, and hence g is right minimal. To prove Ext^(Z, y) = 0, it suffices to show that any exact 
sequence 

Q^Y'^W^Z^Q (4.1) 

with Y' ^y splits. We have the following commutative diagram of exact sequences: 

0 0 

1 t 

Y'^=Y' 

I i 

0-^ Y" -s- W -^ A-^ 0 

I II 

0- —-^Z —^X -s-0 

I 1 

0 0 

where F" G y because y is extension-closed. As p is an epimorphism, we have the following 
commutative diagram of exact sequences: 

0 - ^F—^ A-s -0 

1 II 

0-^ F"-^ W -^ A-^ 0 

As g is right minimal, ts : Z ^ Z is invertible. Therefore the sequence dUD splits. □ 

Lemma 4.5. Suppose that Extg)^, B) = 0. Then the functor F : £2 ^ B is exact bijective. 

Proof. Let A, F G £ 2 . Applying Hom£(A, —) to the short exact sequence 0 —>■ TY —>■ F —>■ FY —>■ 
0 , we have the isomorphism 

Ext^(A,F)^Exti(A,FF) 

as Ext£(A,TF) = 0 holds for i = 1,2. Applying Homf(—,FF) to the short exact sequence 
O^TA^-A^FA^O, we have an isomorphism 

Ext^ (FA, FY) ^ Ext^ (A, FY) 

as Ext^(FA, FY) = 0 holds for i = 0,1. Thus we have 

Exte(FA,FF) = Ext£(FA,FF) ^ Ext£(A,F). □ 


Lemma 4.6. Suppose that any object in A is projective in £. Then £^ 2 /[A] inherits canonically 
the exact structure of £ 2 , and the functor F ■. £ 2 /[A\ B is exact bijective. 
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Proof. Any object X € £ has a right A-approximation TX ^ X which is a categorical monomor- 
phism, and we have Ext£(A,£ 2 ) = Ext£(f 2 ,A) = 0 by our assumptions. Therefore Corollary 
Id. 81 (jg) gives an exact structure on £2 /[A]. Applying Lemma we have Extg(EA, EF) = 
Ext^^ (X, Y) = Ext^ 2 /[A] which shows the assertion. □ 

4.2. When there is a torsion pair {B,C). In this subsection, we assume the following. 

• {B,C) is a torsion pair in £ for 

C:={X g£\ Hom£(i3,X) = 0}. 

The following result gives a description of the image of the functor F : C ^ B. 

Theorem 4.7. Assume that the following conditions are satisfied. 

• B is an abelian category whose exact structure is compatible with that of £. 

• A) is a finitely generated B-module for any A G ACiC. 

Then we have the following assertions. 

(a) For any A G AC\C, there exists a short exact sequence 

0 -)-A^C^-)-U^^0 

with G B, G C and Fxt];{B, C^) = 0. Moreover, it is unique up to isomorphism. 

(b) Let V ■.= Sub{17"^ \ A G AnC}. Then F : £ ^ B induces a dense functor F : C ^V. 

Assume Ext|(S, A fl C) = 0. 

(c) is an injective object in B for any A G A DC. 

(d) V is closed under taking extensions in £, and therefore forms an exact category. 

(e) Assume C C £2 and that any object in A is projective in £. Then C/[A] inherits canonically 
the exact structure of C and F : C/[A] V is an equivalence of exact categories. 

Proof, (a) By dual of Lemma WM we get a short exact sequence 

for some 17G B such that Ext£(S, X) = 0 and with / left minimal. We only have to prove X G C. 
Since {B,C) is a torsion pair, there exists an exact sequence 

\X 

with B G B and C gC. Now we consider the following commutative diagram, where Kerig exists 
in B by our assumption. 

0-^ A -^ A —^ -s- 0 

f 4 II 

0 -^ Ker ig -^ B -^ 

Since A G C, we have Ker ig = 0. Thus ig is a monomorphism, and we can form the following 
commutative diagram with Coker zg G B by our assumption: 

0 0 

1 1 

B= B 

|i \ig 

0-s- A —^ A-^ ^ 0 

II I 1" 

0- 9 - A - 9 - C -^ Coker ig -^ 0 

I i 

0 0 
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The upper horizontal sequence gives a projective cover (p : Hom£(B, 17^) —>■ Ext£( 6 , A) (see 
Proof of Lemma O)) . The lower horizontal sequence gives a morphism ip : Hom£( 6 , Cokerig) —>■ 
Extg(;B,A), which is an epimorphism since p = }iom£{B,p)ip. Since Cokeiig € B and (/j is a 
projective cover, p has to be an isomorphism. Thus we have B = 0 and X = C € C. 

As 6 n C = 0, the morphism A —>■ is left minimal and it implies easily the uniqueness. 

(b) First we prove F{C) C V. For any C there exists an exact sequence 0—>-C—>-5—>■ 
0 with B = FC € B and A = TC G A. Clearly we have A € AC] C. Let 0 —>• A ^ —>■ —>• 0 

be the exact sequence in (a). Then we have a commutative diagram 


0 - 


A- 


0 - 


■A- 


-C- 

I 

c-' 


-B- 

\f 

U^- 


•0 


■ 0 . 


By our assumption, / has a kernel g : Ker f ^ B in £ with Ker f G B. Since the above diagram is 
pullback, g factors through C € C. Thus g = 0 holds, and hence f is a monomorphism. Therefore 
0 ^ B ^ —>• Coker / —>■ 0 is a short exact sequence in £ by our assumption, and B Gl) holds. 

Next we prove that the functor F : B ^ V is dense. For any D gV, there exist exact sequences 

and O^A^C^^U'^^0 

with A G AnC, G B, G C and Ext£(B, C^) = 0. Then we have a commutative diagram 


0 


0 


1 1 


■ A- 


■ A- 


1 

^D- 

1 

CA 

1 

1 

y 

a: — 
1 

y 

-A 

1 

0 

0 


of exact sequences. Since G C, we have F G C by the middle vertical sequence. Therefore 
D = FY belongs to F{C). 

(c) Applying Hom£(i3, —) to the short exact sequence 0 —>■ A —>• —>• —>• 0, we have an 

exact sequence 

0 = Ex 4(6,C'^) ^ Ext^(6,C/'^) ^ Ex4(S,A) = 0. 

Therefore Ext£( 6 , U^) = 0, that is, is injective in B. 

(d) This is an immediate consequence of (c) and horseshoe lemma. 

(e) By Theorem 14.II (al and (d), the functor F : £’ 2 /[A] —>■ 6 is fully faithful and exact bijective. 

By C C £ 2 , using (b) and (d), we have an equivalence F : C/[A] ^ of exact categories. □ 

4.3. Probenius properties. As in Subsection 14.21 we suppose that {B,C) is a torsion pair. We 
denote U := add{17"^ | A G AflC} and as in Theorem l4.71 V := SuhU. The following result gives 
a sufficient condition for the categories C and V to be Frobenius. 

Theorem 4.8. Assume that the following conditions are satisfied. 

• B is an abelian category whose exact structure is compatible with that of £, and has enough 
projective objects and enough injective objects. 

• A G C holds, and any object in A is projective in £ and injective in C. 

• Ext£(S, A) is a finitely generated B-module for any A G A. 

• Ext£(P, A) is a finitely generated A°'^-module for any projeetive object P in B. 

Then we have the following assertions. 

(a) The following conditions are equivalent: 




















LIFTING ALGEBRAS TO ORDERS AND CATEGORIFICATION 


21 


(i) Projective objects of B and T) coincide. 

(ii) Projective objects of C and £ coincide. 

Suppose that the equivalent conditions in (a) are satisfied. Then the following assertions hold. 

(b) £ and C have enough projective objects. 

(c) Any object in A has injective dimension at most 1 in £. Therefore all assertions in Theorem 
\4.'t\ hold. 

(d) The following conditions are equivalent: 

(i) C is a Frobenius category whose exact structure is compatible with that of £. 

(ii) P is a Frobenius category whose exact structure is compatible with that of £. 

(iii) Any object in lA is projective-injective in B. Moreover each projective object of B has 
injective dimension at most 1 and each injective object of B has projective dimension at 
most 1. 

(e) If the conditions in (d) are satisfied, then the category of projective-injective objects in B isli. 
We start with preparing the following: 

Lemma 4.9. For any projective object P in B, there exists a projective object X in £ such that 
P = FX. 

Proof. Thanks to Lemma 14.41 there exists a short exact sequence O^A^X^P^O with 
Ag A and Fxt£{X,A) = 0. Applying Hom£(—,i3), we have an exact sequence 

0 = Ext£(P,6) ^ Ext£(A, B) Ext£(A,6) = 0. 

Thus Ext£(A, S) = 0 holds. Since Fyii\{X,A) = 0, we have Fi-x.t\{X,£) = 0. Thus A is a 
projective object in £ satisfying P = FX. □ 

Now we are ready to prove Theorem 14.81 

Proof of Theorem \4.8\ (a) (ii)=^(i) Suppose that projective objects of C and £ coincide. 

Let P be a projective object in B. By Lemma [4.91 there exists a projective object A in such 
that P = PA. Since A belongs to C by our assumption, we have P G F(C) C V. 

Let P be a projective object in V. Since B has enough projective objects by our assumption, 
there exists a projective cover / : A —>• P in P. Since A belongs to V by the above argument, / 
splits. Thus P is projective in B. 

(i)=>(ii) Suppose that projective objects of B and V coincide. 

f 

Let P be a projective object in £. Let O^A^P'^PP^-Obean exact sequence with a 
projective object P' in B. Then P' G P by our assumption. By Theorem 14.71 (b), there exists an 

exact sequence 0^A-4cP).p'—^0 with A G A and C G C. Since Ext£(C, A) = 0 holds by our 
assumption, we have a commutative diagram: 

0-^ A © TP"^^-^C © TP P'-^ 0 

[i“p]l 1[^] \f 

0-^ TP -s- P-^ PP-s- 0. 

U V 

As [ ] and / are (admissible) epimorphisms, then [^] is also one. Since P is projective in f, [^] 

splits. Thus P is a direct summand of C®TP, which belongs to C by our assumption TP G AgC. 

Conversely, let Q be a projective object in C. Let us consider its projective cover P in £. We 
get the short exact sequence 

0 ^ VLeQ ^P^Q^O. 

According to the previous discussion, P G C. Thus, applying Hom£(i3, —) to this short exact 
sequence, we get that flsQ G C. Hence, as Q is projective in C, the short exact sequence splits and 
Q is projective in £. 

(b) We now suppose that the conditions in (a) are satisfied. 
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For any X G £, there exists a short exact sequence 0—>-0 with A = TX € A 
and B = FX G B. Then A is projective in £ by our assumption. Thus, to show that X has a 
projective cover in £, it suffices to show that any B G B has a projective cover in £. 

By our assumption, there exists a projective cover f : P ^ B in B. By Lemma |T9l there exists 
a projective cover g : P' ^ P in £. Then the composition gf : P' ^ B gives a projective cover of 
B in £. 

(c) All projective objects of £ belong to C by our assumption. Therefore £ls{£) C C holds. Since 
any object in A is injective in C by our assumption, we have 

Extl{£,A) = Ext^(ff£(f:), A) = 0. 

Thus the first assertion follows. In particular we have Ext£(B, AflC) = 0, and the second assertion 
follows. 

(d) and (e) Thanks to Theorems 13.61 and 14.71 fel. F : C —>■ C/[A] —>■ B is exact bijective. So C 

is Frobenius if and only if V is Frobenius by Remark 13.31 Hence (i)-t4>(ii) in (d) is proven. The 
remaining assertions follow from Proposition 13.91 □ 

5. Equivalences arising from orders and their idempotents 

As in Subsection l2.ll let i? be a complete discrete valuation ring and K be its field of fractions. 
Fix an i?-order A. Consider functors Di := Ext^'“*(—, i?) : mod A o mod A°p for z = 0,1. They 
restrict to dualities 

Di = Homfi(-, i?) : CM A CM A°p and Dq = Ext^(-, R) : f.l. A f.l. A°p 

and satisfy £)o(CMA) = £)i(f.l.A) = 0. In view of the characterisations of CM A given at the 
beginning of Section [51 it is immediate that CM A admits the projective generator A and the 
injective co-generator DiA. Since the injective resolution of the i?-module R is given by 0 —>■ i? —>■ 
K -G- K/R ^ 0, we get an isomorphism Dq = Hom/{(—, iC/i?) on f.l. A. Recall the following useful 
lemma: 

Lemma 5.1. If X G CM A, we have a monomorphism X ^ X®fiK and Ext^(f.l. A^X^rK) = 0. 

Proof. For Y G f.l. A, let E := Ext^(y, A 0^ K). Since X iC is a AT-vector space, so is E. 
Since Y is annihilated by some non-zero element in i?, so is if. These imply E = 0. □ 

For an object X G CM A, let corad A G CM A be maximal among A-submodules E of A (S>_f{ K 
such that A C E and E/A is semisimple. We denote cotopA := (coradA)/A. Notice that 
A (g)/} K is not hnitely generated as an A-module (so A (g)/j K ^ CM A) if A S CM A is non-zero. 
Notice also that Di{X <Sir K) — 0. 

We often use the following lemma: 

Lemma 5.2. Let X G CM A. The following hold: 

(a) We have cotop A = soc(A (K/R)). 

(b) The functor Di induces an order-reversing bijection 

{X CY C X (g)RK \ YjX G f.l. A} M {Y' C D^X \ (BiA)/E' G f.l. A°p}. 

(c) There are isomorphisms corad A = BiradBiA and cotop A = BotopBiA of A-modules. 

(d) 7/0—^-A—>E S ^ Q is a short exact sequence with E G CM A and a semisimple A-module 

S, then there is a unique canonical commutative diagram 

0 - ^A - ^E --s -0 

II r f 

0-^ A-^ corad A-^ cotop A-^ 0. 

(e) For a simple A-module S, we have Ext/i(S', A) ^ 0 if and only if S is a direct summand of 
cotop A. 
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Proof, (a) and (b) are immediate and the first isomorphism of (c) is a consequence of (b). The 
second isomorphism of (c) is obtained by applying Homfl(—,i?) to the short exact sequence 0 — 
v&dDiX —DiX —>• top-DiX —0. For (d), applying the functor — K to the short exact 
sequence we get X K = Y K. Therefore X <ZY G X K. By maximality of corad X, we 
have Y C corad X and the result follows. 

(e) The implication <^= is immediate. Let us show =^>. Consider a non-split exact sequence 
0—>-X——>•5'—>0. For any simple module S', applying HomA(5'',—), we get an exact 
sequence 0 —)• FIomyi(5", Y) —FIomyi(5", S) Ext^(5", X). It is easy to conclude in any case that 
Homyi(S", F) = 0, so F € CM A. Therefore, we can apply (d) so 5 is a summand of cotop X. □ 

For logical reasons, we give Proof of Theorem 12.II after Proof of Theorem 12.21 

5.1. Proof of Theorem 12.21 As in Theorem El we consider an idempotent e of an i?-order A 
such that that B := A/(e) has finite length over R. As modi? C f.l. A, Dq restricts to a duality 
mod B mod i?°P. We will separate the proof in five statements. 

Proposition 5.3. We have a torsion pair (add Ae, mod B) in mode A. 

Proof. Since B = A/{e), we have Homyi(add Ae, mod i?) = 0. For any X S mode A, we have an 
exact sequence 

Ae ^eAe eX —y X —^ B X —^ 0 (5.1) 

in mode A. Since eX G proj(eAe), we have Ae ®eAe eX G add Ae. Multiplying the sequence (15.1|) 
by e on the left, we see that eKer/ = 0 so Ker/ is in modi?. On the other hand, Ker/ is a 
submodule of Ae (8>eAe eX G add Ae, so Ker / G CM A. Consequently we have Ker / = 0. Now the 
sequence (EH) shows the desired assertion. □ 

Thanks to ProDOsition l5.31 we have two functors T : mode A —?> add Ae and F : mode A -A mod B 
and a functorial exact sequence 0 —>■ TX —>■ X —>■ FX —>• 0 for X G mode A. We prove the following 
easy statement: 

Lemma 5.4. If X G CMg A, then FX C liomAiB,TX (^r {K/R)) C TX®r {K/R). 

Proof. The inclusion Homyi(i?,rX ^r {K/R)) C TX ®r {K/R) is obvious. Applying — ®r K 
on the short exact sequence 0 —>■ TX -A X —>• FX -A 0, we get that TX ^r K = X ^r K so 
X C TX ^R K canonically. Thus we get a commutative diagram of short exact sequences 

0-^ TX-^ X-^ FX -^ 0 

II f r 

0-^ TX-^ TX ®R K -^ TX ®R {K/R) -^ 0 

where the second line is obtained by applying TX ®r — to Q ^ R ^ K -a K/R ^ 0. Thus 
FX C TX i^R {K/R). As FX G modi?, we deduce that FX C Hom^(i?,TX ®r {K/R)). □ 

Proposition 5.5. IFe have a torsion pair (modi?, CMg A) in mode A. 

Proof. Since any X G modi? has finite length, we have Hom^(mod i?, CMe A) = 0. For any 
X G mode A, there exists an exact sequence 

O^T^X-^T-^0 

in mod A such that lengthy T < oo and F G CM A. Multiplying e from the left, we have an exact 
sequence 

0 ^ eT ^ eX —>• eT —>■ 0 

with length^(eT) < oo and eX G proj(eAe). Thus eT = 0 holds, and we have T G mod B. On the 
other hand, eF = eX G proj(eAe) shows F G CMe A. Thus the assertion follows. □ 
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Now we can apply Theorems 14.11 and 14.71 to 

E := mode A := add Ae, B := mod B and C := CMe A. 

In this context, it is possible to compute explicitly the short exact sequence given in Theorem 
14.71 (a). For P S add Ae, let 

:= RouiAiB, P {K/R)) £ mod B 
and define U := For any X £ CM A, we denote 

B-cotopX := Homyi(i3, cotop X). 

In other terms, B-cotopX is the biggest B-module included in cotop X. We also define i?-coradX 
as the A-module satisfying 

X C B-coradX C corad X and B-cotopX = {B-corad X)/X. 

Lemma 5.6. Let P £ add Ae. The following hold: 

(a) There is a short exact sequence 0 ^ P —>■ ^ —>■ 0 m mod^l with £ CMf,A and 

ExtJi(mod B, C^) = 0. 

Conversely, if 0 ^ P ^ C ^ U' ^ 0 is a short exact sequence with C £ CMe A, 
[/' £ mod B and Ext^(mod B, C) = 0, then it is isomorphic to the above short exact sequence. 

(b) We have an isomorphism socU^ = P-cotopP of B-modules. 

Proof, (a) Applying P ®r — to the short exact sequence 0 —?> P —> AT —>■ K/R 0, we obtain the 
short exact sequence 0 ^ P —>■ P®rK —>• P ®r{K/ R) —> 0 with A,P ®rK) = 0 thanks 

to Lemma IfiTTl Taking pullback by the natural inclusion C P ®r {K/R), we get the following 
commutative diagram of short exact sequences: 

0 0 

t I 

0-^ P-^ ^ ^ 0 

II I I 

0-^ P-^ P®rK -^ P ®R {K/R) -^ 0 

i 1 

y = Y 

\ \ 

0 0 . 

Since is the maximal P-module included in P ®r {K /R), and mod B is closed under extensions 
in mod A, we get Hom^(mod B, Y) — 0. Applying Hom^(mod B, —) to the second column, we find 
the exact sequence 

0 = Homyi(mod B, Y) —>■ Ext^(mod B, C^) —>• Ext^(mod B, P ^r K) = 0. 

Now we prove the converse part. Applying Homyi(P',—) to the former sequence, we get a 
surjection Homy 4 (P', U^) -» Ext^(P',P) so there is a commutative diagram 

0-^ P-^ C -^ U' -s- 0 

I / ^9 

0-^ P-^ -s- 0. 

In the same way, there are /' : —>■ C and g' : U' making commutative diagram in 

the converse direction. Thus, by left minimality of P ^ and P ^ C, f f and f'f are 
isomorphisms. Hence, / and g are isomorphisms. 

(b) Thanks to Lemma lOl cotopP = soc(P ®r {K/R)). Applying Homyi(P, —) to both sides, 
we obtain Homyi(P, cotopP) = Hom^(P, soc(P (8)fi {K/R)) = socU^. □ 
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We are ready to prove Theorem 12.21 

Proof of Theorem \2.2[ (a) This follows from Propositions 15.31 and 15.51 

(b) This follows from Theorem 14.11 lal and (b) as, for Y S modS, Yxt\{Y,Ae) is always a 
finitely generated right (e^e)-module. 

(c) Our assumption (El) implies CM^A C £i. Thus the functor F : {CMf. A)/[Ae] —>■ modi? is 
fully faithful by (a). It gives an equivalence F : [CMf. A)/[Ae] —>■ Sub?7 by Theorem 14.71 fbl and 
Lemma 15.61 

(d) It follows from Theorem 14.71 (c). 

(e) Thanks to (E2), Si = Si so, using Theorem l4.ll Idl. (12.111 and (12.211 are equivalences of exact 
categories. 

(f) It is classical that Sub U has enough projective objects and enough injective objects (see m 

for a detailed argument). Using (e) and Remark |3.31 fbl. it immediately implies that has 

enough projective objects and enough injective objects. In the same way, as mod B has enough 
injective objects and enough projective objects. Si has the same property. 

Let us prove that mode A has enough projective objects. Let X G mode A. Thanks to (b) 
and (e), there exist Pq G Si projective in Si such that FPq is a projective cover of FX. Eixing 
P := Po(BTX, we get a short exact sequence O^K^P^X^O where, multiplying by e, we 
have K G mode A. As P G fi, ExtJi(P, Ae) = 0. As Ext^(rP, mod P) = 0 = Ext^(PP, mod B), we 
get Ext)^(P, mod P) = 0 and, as (add Ae, mod P) is a torsion pair in mode A, Ext) 4 (P, mode A) = 0. 

Let us prove that mode A has enough injective objects. Eor any I injective in modP, we 
have Yjxt\{Ae,I) = 0 = ExtJi(mod P,/). So, as (addAe, modP) is a torsion pair in mode A by 
Proposition [531 get Ext^(mode A, /) = 0 so any P-module admits an injective hull in mode A. 
As (mod P, CMe A) is a torsion pair in mode A by proDOsition l5.51 it is enough, thanks to horseshoe 
Lemma, to prove that any object in CMe A admits an injective hull in mode A. 

Consider C := as defined in Lemma 15.61 As Ext^(Ae, C) = 0 = Ext) 4 (mod P, C), we get 
Ext^(mode A, C) = 0. In particular 0 —>■ Ae -^C—i-U—^O gives an injective hull of Ae in mode A. 
Let X G CMe A. As FX G SubP, consider a short exact sequence 0 —>• FX P” — Kq —>• 0 in 
mod P. By (e), it is induced by a short exact sequence 0 —>• X —>• C" © P —)• AT —>• 0 in with 
P G add Ae. As P admits an injective hull in mode A, X also admits an injective hull. 

(g) For any X G mode A, as (mod P, CMe A) is a torsion pair, there is a short exact sequence 

0^ Z ^ X ^Y ^0 

where Z G mod P and Y G CMe A. Applying Homyi(—,Ae) to this sequence, we find the exact 
sequence 

0 = Ext) 4 (y, Ae) —>■ Ext^(X, Ae) —>■ Ext^(Z, Ae) —>• Ext^(y, Ae) = 0 
so X G if and only if Ext\(Z, Ae) = 0. There is a short exact sequence 

0 ^ soc Z ^ Z ^ Zj soc Z —>■ 0 
and applying Hom. 4 (—, Ae) to it, we find the exact sequence 

0 —5> Ext\{Zl soc Z,Ae) Ext^(Z, Ae) —)• Ext^(soc Z, Ae) —5> 0 

so Ext^(Z, Ae) = 0 if and only if Ext^(2'/soc Z, Ae) = Ext^(soc Z, Ae) = 0. By Lemma 15?^ ('el. 
for a simple P-module S, Ext( 4 (S', Ae) = 0 if and only if S is not a direct summand of P-cotop Ae 
if and only if S' ^ Sub P if and only if Homyi(P, S) = 0 where P is the projective cover of soc P in 
mod P. As Z is of finite length over R, an easy induction gives that Ext\{Z, Ae) = 0 if and only 
if Hom. 4 (P, Z) =0 if and only if Hom^(P, X) = 0. □ 

In the following Lemma, we give stronger conditions implying (El) and (E2): 

Lemma 5.7. (a) We have the implications (E2)~^ ^ (E2). 

(b) If Ae = Hom/j( 5 A, P) for some idempotent g G A, then (El) and (E2)~'~ are satisfied. 

(c) If (El) is satisfied and A G CMe A, then (E2)~^ is satisfied. 
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Proof, (a) It directly follows from Proposition 13.41 

(b) In this case, Ext^(CM A, Ae) = 0 so (El) is clearly satisfied. If X G mod A, it is immediate 
that its syzygy flX is in CM A so Ext^(X, Ae) = Ext^(r2X, Ae) = 0. Therefore, (E2)+ holds. 

(c) For X G mode A, consider the projective cover 0 —> ftX P ^ X ^ 0. As eX G proJ(eAe), 

the short exact sequence 0 —>■ eflX —)> eP eX 0 splits. Moreover, as A G CMgA, we have 
eP G proJ(eAe) so ilX G CMgA. So, by (El), Ext^(A, Ae) = Ext^(nA, Ae) = 0 and (E2)+ 
holds. □ 

We complete this subsection by giving basic relations between indecomposable injective objects 
of CMe A and their S-cotops. Let 

O := {P G ind Ae I P-cotop P ^ 0}. 

Notice that part (a) of Lemma lASl is a generalization of a well-known property of cotops in CM A. 

Lemma 5.8. Let I G CMg A satisfying Ext)4(CMe A, I) = 0. Then the following hold: 

(a) if I is indecomposable, then P-cotop/ is either 0 or simple; 

(b) P-cotop / = 0 if and only if Ext\{mod B, I) = 0; 

(c) for any short exact sequence 0—^0 with i radical, X G CMg A and Y G mode A, 
the left map factors as I C P-corad/ ^ X and socY = P-cotop J. 

(d) if (El) is satisfied, there are commuting bijections 

RomA{B-0niK/R)) . 

O ^ md U 

B-cotop ^ 

ind(soc U). 

Proof, (a) Thanks to Lemma [521 (c), cotop I = Dq top Pi/, so we only have to show that the A°P- 
module Hom(P, top Pi/) is 0 or simple. Suppose that Hom(P, top Pi/) is not 0 or simple. We have 
two distinct maximal submodules Xi,X 2 C Pi/ such that S*! := (Pi/)/Ai and S 2 '■= (Pi/)/X2 
are simple P°P-modules. By applying Homu(—, R) on the short exact sequence 0 —J- Xi ^ Pi/ —>• 
Pi —)• 0, we get the short exact sequence 

0 ^> / PiXi PoPi ^ 0 

and therefore eti : el e(PiAi) is an isomorphism and PiAi G CMgA. In the same way, 
662 : el -P- e{DiX 2 ) is an isomorphism and D 1 X 2 G CMg A. We also get a non-split short exact 
sequence 0 —> F ^ Ai © X2 —^ Pi/ —>• 0. Applying Pi to it, we get a short exact sequence 
0 —>• / —J- Pi(Xi © X2) -5- PiF —>■ 0. Multiplying by e, we get the short exact sequence 

r eL^ ei2 1 

0-)-eI - -4 e(PiXi) © e(PiXi) ^ e(PiF) 0 

which splits as 661 and 662 are isomorphisms. Thus 0 —> / —>• Pi(Xi © A2) —>• PiF —>■ 0 is a 
non-split short exact sequence in CMe A. It is a contradiction as Ext)4(CMe A,/) = 0. 

(b) Thanks to Lemma 15.21 leL a simple P-module P is a direct summand of P-cotop / if and 
only if Ext 4 (P, I) A 0. Thus P-cotop / = 0 if and only if Ext 4 (P, /) = 0 for any simple P-module 
P if and only if Ext)4(mod P, /) = 0. 

(c) Thanks to Proposition 15.31 socF G mod P. Consider the sequence 0 —>• / —>■ p“^(socF) —>■ 
socF —>■ 0. Thanks to Lemma lOl IdL we have socF ^ P-cotop/. 

We will prove that for each direct summand /' of /, P-corad/' (c X K) is included in 
X. Consider the short exact sequence 0—)•/'—J-F'—i>0 induced by the inclusion /' C I. 
As i is radical, this short exact sequence does not split and we get F' ^ CMg A and socF' 0. 
Pulling back 0— 5>/'— >-A—^-F'—>0 along socF' C F', we get a short exact sequence 0 — 
/' —>■ A' —>■ socF' —> 0 with A' C A so A' G CMe A. Using (a) and Lemma [5.21 fdl. we obtain 
socF' = P-cotop/' and therefore A' = P-corad/' C A. Finally P-corad/ C A and therefore 
P-cotop / ^ F. As P-cotop / is semisimple, P-cotop / ^ socF. So P-cotop / = socF. 
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(d) First of all, thanks to (a) and Lemma [5^ (b), i?-cotop induces a surjection from O to 
ind(socl7). Let us prove that it is injective. Suppose that P,P' € O satisfy S := B-cotopP = 
P-cotop P' and consider the short exact sequences 

0 —>■ P A P-coradP A S' —>• 0 and 0 —>• P' A- P-coradP' A S —>• 0. 

Multiplying them by e, we get P-coradP, P-coradP' G CMg A. So, applying Homyi(P-coradP, —) 
to the second short exact sequence, we get a morphism u : P-coradP ^ P-coradP' such that 
g = ug'. Symmetrically, we get u' : P-coradP' —>■ P-coradP such that g' = u'g. So g = uu'g and, 
as g is right minimal, uu' is an isomorphism. Similarly, u'u is an isomorphism so P-coradP = 
P-coradP' and P = P'. We proved that P-cotop is injective on O. 

The well definiteness of Homyi(P,— (K/R)) : O —>• ind P is a direct consequence of the 
definition of U. The commutativity of the diagram is immediate by Lemma 15.21 (a). As U is 
injective, soc : ind P — >■ ind(socP) is bijective. □ 

The following proposition is used to categorify cluster algebras in Section [51 

Proposition 5.9. If (El) is satisfied, then the following assertions hold. 

(a) If X G CMe A does not have non-zero direct summands in add Ae, then TX G add O. Moreover, 
P-coradPA C X and P-cotop TA = soc PA. 

(b) Let 0 ^ X ^ Y Z ^ 0 be a short exact sequence with A, Z G CMe A without non-zero 
direct summand in add Ae. Then the maximal direct summand Yi ofY in add Ae is the module 
satisfying Yi G add O and soc PA 0 soc FZ = soc FY 0 P-cotop Yi. 

Proof, (a) Since TX ^ X is radical, the result follows from Lemma [5.81 Icl. 

(b) Decompose Y = lb ® A. Recall that T = Ae ®eAe e— is exact on mode A. As TX is 
projective, we get 

TYo © Yi = TY ^ PA © TZ G add O 

by (a). Again by (a), we get 

soc PA © soc FZ = P-cotop PA © P-cotop TZ = P-cotop Plb ® P-cotop Yi 

= soc Plb © P-cotop Yi = soc FY © P-cotop Yi. □ 


5.2. Proof of Theorem 12.11 (a) Since Ae G add Hom/{( 5 A, P), the conditions (El) and (E2) 
are satished by Lemma 15.71 By Theorem 12.21 (c), we have an equivalence of exact categories 
P — : (CMe A)/[Ae] = Sub U and U is an injective P-module. Thanks to Lemma [5.61 (b), we 
have socU = P-cotop Ae = Hom^(P,S'g). Thus U = Qg. 

(b) For M G SubQg, let us consider a projective cover of DqM in mod A°P: 

0 LIaDqM -a P ^ DqM -a 0. 

We have P G addgA. Applying Homfl;(—,P), we get the short exact sequence 

0 ^ DiP -A DiLIaDqM -)> M 0. 

We have DiP G add Ae so DiLIaDqM G CMe A and F{DiLIaDoM) = M thanks to this sequence. 

(c) Let us assume hrst that Ae, Af and Ag are basic. In particular Ae = Di{gA), Af ~ Pi(eA) 
as A-modules and eAe = Pi(eAe) as left (eAe)-modules. We have eAf = ePi(eA) = Pi(eAe) = 
eAe as left (eAe)-modules. So Af G CMe A and T{Af) = Ae<g>eAe eAf = Ae. Moreover, using the 
short exact sequence 0 ^ P(A/) —Af -a F{Af) -a 0, we get 

socP/ = socP(A/) c P-cotop P(A/) = P-cotop Ae = topP^ 

so Bf C Do{gB). Dually, we get an inclusion gB C Do{Bf) by exchanging the role of / and g. 
By comparing lengths over R of gB and Bf, we deduce that Bf = Do{gB) = Qg. 

If Ae, Af or Ag are not basic, we take basic parts e', f and g' of e, / and g and we get 
Bf = Qgi. Thus add Bf = add Bf = add Qgi = add Qg. 

(d) Since A G CMe A, we have P = PA G SubQ^. Thus SubQ^ = SubP holds by (c). 
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(e) All assumptions in Theorem l4.8l are satisfied. Moreover, since A € C, the projective objects in 
8 = mode A and C — CMe A are projective A-modules, and the equivalent conditions of Theorem 
14.81 (a) are satisfied. Thus applying Theorem 14.81 (d) (i) (iii), B is Iwanaga-Gorenstein of 
dimension at most one if and only if CMe A is Frobenius. As A and DiA are in CMe A, we get 
that CM A is Frobenius if and only if add A = add DiA if and only if CMe A is Frobenius, and the 
result follows. 

(f) In this case, (CMe A)/[Ae] — Subi? is an equivalence of Frobenius categories. Thus, since 

CM „A coincides with the stable category of (CMe A)/[Ae], so CM ^A = SubS is a triangle equiva¬ 
lence. □ 

5.3. Proof of Theorem 12.31 By construction, we have an exact sequence 

(5.2) 

with W = Ae (B B € CM A and Pw = Ae Q P € addAe. Clearly we have W G CMf A and 
Pw = Ae (BeAe eW. We set A' := End^(bF) and we identify e with the idempotent of A' which is 
the projection on the summand Ae of W. We shall prove (a) in Proposition lS.lll (b) in Proposition 
15. 151 and (d) in Proposition l5.12l Then all hypotheses of Theorem l2.2l are satisfied and the assertion 

(c) follows. Finally, (e) is an easy consequence of Proposition l5.12l 

Lemma 5.10. (a) We have We = Ae, W{\ — e) = B as A-module. 

(b) We have We A' = Pw- Thus Pw and B have a structure of A'-modules such that (15.21) is 
an exact sequence of [A, A')-bimodules. 

(c) We have WjWeA' = B as {A, A')-bimodules. 

(d) We have eA' = eW. This is a projective {eAe)-module and a projective A'°'^-module. 

(e) We have B 0^1 W = B as {B, A')-bimodules. 

Proof, (a) Clear from definition. 

(b) Since We = Ae, we have WeA' = f^EndAiw) /(^e) = Ae <gieAe eW = Pw- 

(c) It is a clear consequence of (b). 

(d) We have eA' = Homyi(Ae, VF) = eW. Clearly eA' is a projective A'°P-module. Moreover 
eW = ePw is a projective (eAe)-module since Pw G addAe. 

(e) Applying B 0 a — to the short exact sequence (j5.2ll . we get the following exact sequence of 
(B, A')-bimodules: 

B Pw —^ B VF —^ B 0A B — y 0. 

Since B Pw G add(i? 0a Ae) = add(i3e) = {0} and B 0a B ^ B, we get the result. □ 

Proposition 5.11. IFe have an isomorphism A'/(e) = B of R-algebras. 

Proof. Applying \Iotaa{W, —) to (15.2L we have an exact sequence 

0 ^ Hom^(IF, Pw)^ A' ^ Hom^(VF, B) -G E^t\iW, Pw), 

where Ext^(bF, Pw) = 0 by Pw G add Ae, W G CMf A and our assumption Ext^(CMf, Ae) = 0. 
Since Homyi(Ae, B) = 0, applying HomA(—,i?) to (15.2p . we have Botaa{W,B) = EndA(f?) = B 
and (e) = Homyi(lF, Pvu)- Thus A'/(e) = A'/ Botaa{W,Pw) = Homyi(lF, i?) = B. □ 

In particular, we can regard mod B as full subcategory of both mod A' and mod A. Now we 
consider the adjoint pair (G, H) given by 

H := Hom^(lF, —) : mod A — mod A' and G := IF 0a' — mod A' —> mod A. 

The main result about these functors is: 

Proposition 5.12. The adjoint pair {G,H) gives quasi-inverse equivalences of exact categories be¬ 
tween modg A and mode A', which restrict to quasi-inverse equivalences of exact categories between 
CMf A and CMe A'. 

The first step of the proof consists of the following lemma. 
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Lemma 5.13. (a) H and G give quasi-inverse equivalences between add yle and addA'e. 
(b) We have commutative diagrams 

mod A - — -s- mod A! mod A ^ ^ -mod A! 



mod B mod B 


Proof, (a) This is clear: H{Ae) = BoTOAiW, Ae) = A'e and G(A'e) = We = Ae by Lemma 15.101 
(b) Fix X G modB. Applying Hom^(—,Ar) to (15.21) . we have an exact sequence 

0 ^ Hom^(B, a:) ^HX ^ lloiaA{Pw, X), 
where HomAiPw, X) = 0 by Pw S add Ae and X G mod B. Thus we have 

HX = llomA{B,X) ^X. 

On the other hand, we have 

G{X) = W <g)A' X = W ^A' {B (8)a' X) = (WfWeA') AT AT = AT. □ 

Lemma 5.14. (a) We have Tor^ {X^X) = Torf(y (g)^' B,X) for any X G mod B and Y G 
CMA'°P. 

(b) We have Tor^ (W, AT) = 0 for any X G mode A'. 

Proof. For L G CM A'°p, take an exact sequence 

O^nY^P^Y^O (5.3) 

of A'°P-modules with P G proj A'°p. We will show that 

b ^PtY ®A' B P ®A' B ^Y ®A' B (5.4) 

is exact. Since eA' G proj(eA'e), we have an exact sequence 0 —> A'e ®eA'e eA' ^ A' —>■ i? —> 0 of 
(A', A')-bimodules. Applying Y ®a' —, we have an exact sequence 

O^K^Ye ®eA'e eA' Y ^Y ®a' B ^0. 

Since (ly ® j)e : (Ye ®eA'e eA')e -A Te is an isomorphism, we have ATe = 0. Thus AT is a 
i3°P-module. Thus AT = 0 holds since Ye ®eA'e eA' G CM A'°p holds again by eA' G proj(eA'e). 

Applying the same argument to P G CM A'°p and OF G CMA'°p, we have the following 
commutative diagram of exact sequences: 

0 

t 

0-^ OFe ®eA'e eA -^ OF-^ OF ®a' B -^ 0 

I I |*®1b 

0 -^ Pe ®eA'e eA -^ P -^ P ®A' B -^ 0 

I I I 

0-^ Fe ®eA'e eA -s- F-s- F ®a' B -^ 0 

I I I 

0 0 0 

A diagram chase shows that z O Is is injective. Thus (15.41) is exact. 

(a) For X G mod P , applying — ®a' X to (15.31) and — ®b X to (15.41) and comparing them, we 
have a commutative diagram of exact sequences: 

0- ^ Torf (F, X) -^ OF ®a' X -^ P ®a' X 


0 


Torf(F B,X) 


(OF ®A' B)®bX 


(P B) ®B X 
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Thus the assertion follows. 

(b) First, we assume X e mod B. Since W G CM A'°'p , by (a) and Lemma [5.101 tcb we have 

Torf'(lF,X) ^ Tovf{W®A' B,X) ^ Tovf {{W/WeA') ®a' B,X) ^ Torf(S,X) = 0. 

Now we assume X G mode A'. Then there exists an exact sequence 0 B X V —^0 with 

P G add A'e and Y G mod B. Applying W (8)A' —, we have an exact sequence 

0 = Torf'(lF,P) ^ Torf (IF, A) ^ Torf (W,r) = 0. 

Thus the assertion follows. □ 

Proof of Proposition \5.12\ (i) First we show iL(mode A) C mode A'. 

For X G mode A, we have 

eH{X) = HomA(lFe, A) = HomA(Ae, A) = eA £ proj(eAe) = proj(eA'e). 

(ii) Next we show C?(mode A') G modf A. 

For A G mode A', take an exact sequence 

O^P^A^r^O (5.5) 

with P G add A'e and Y G mod B. Applying G, we have a short exact sequence 

0 ^ GP ^ GA GA ^ 0. (5.6) 

by Lemma 15.141 Since GP G add Ae and GA = Y G mod B thanks to Lemma I5.13L we have 

GA G modf A'. 

(iii) We show HG = idmode A' and GH = id^^ods 

Applying H to (15.61) and comparing with (15.51) . we have a commutative diagram of exact se¬ 
quences, 

0 -^P-^ A-^A- ^0 

III 

0-^ HGP -^ HGX -^ HGY 

where vertical arrows are of the form x f-A {w i-A w ® x). Since the left and the right vertical maps 
are isomorphisms, so is the middle one. 

By a similar argument, one can show GH = idmod® A- 

(iv) We show that H and G are exact functors. The functor G is exact thanks to Lemma [5.141 
Applying HomA(—, mod B) to (j5.2l) . we get an exact sequence 

0 = Ext^(P, mod B) -A Yyii\(W, mod B) -A Fixt\{Pw, mod P) = 0 

so Ext^(lA, mod B) = 0. As we also have Ext^(lA, Ae) = 0, we get Ext^(lA, modf A) = 0. So P 
is exact. 

(v) We now show that the equivalences restrict to CMf A = CMgA'. 

Clearly P(CMf A) C CMg A' holds. It is enough to show that, if A G modf A satisfies HX G 
CMgA', then A G CM A. Let A be a finite length submodule of A. Then the inclusion A C A 
gives an injection HY C HX. Since HY has finite length and HX G CMg A', we have HY = 0. 

Let 0—>-PA>A^A—>'0bean exact sequence with P G addAe and Z G modP. Since 
A (~l P = 0, we have that A is a submodule of Z. In particular A G mod P. Since HY = 0, we 
have A = 0 by (iii). Thus A G CM A. □ 

Proposition 5.15. We have (El) Ext^/(CMe A', A'e) =0 and (E2)~^ Ext^((mode A', A'e) =0. 

Proof. (El) Let 0 -A A'e —)• A —>■ A —>■ 0 be an exact sequence with A G CMgA'. Applying G 
and using Lemma [5.141 we have an exact sequence 0 ^ G(A'e) —>■ GA —>■ GA -A 0. It splits since 
EyA\(GY, Ae) = 0 by our assumption. Since G : CMg A' ^ CMf A is an equivalence, the original 
sequence splits. Thus the assertion follows. 

(E2)+ Since we have A' G CMg A' by Lemma [5.101 fdl. syzygies of modules in mode A' belongs 
to CMe A'. Thus the assertion follows from (El). □ 
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We finish this subsection by proving Lemma 

Proof of LemmaAs Ae = Di{gA) is injective in CM A and CMf A C CM A, we get (C3). 

To prove the second part of the statement, let us prove that if (Cl) holds, then for a finite length 
A-module M, we have M G Sub(Ae®i{(iC/i?)) if and only if the socle of M is supported by g. As Ae 
is injective in CM A and syzygies of all modules are Cohen-Macaulay, we have Ext^(mod A, Ae) = 0. 
By Lemma [Qj we have Ext) 4 (f.l. A, Ac^rK) = 0. So applying Hom^(f.l. A, —) to the short exact 
sequence 

0 —)• Ae —>■ Ae (Sir K ^ Ae (Sr (K/R) —)■ 0, 

we get Ext^(f.l. A, Ae®R{K/R)) = 0. Moreover, by Lemma lOh ab we get that soc{Ae®R{K/R)) 
is the semisimple module corresponding to g. 

It is immediate that if M G Sub(Ae®i{ {K/R)) then socM G add soc(Ae (g)/} {K/R)) so the first 
implication is satisfied. Conversely, if socM is supported by 5 , there exists a injection socM ^ 
(Ae ®R {K/R))®^. Then, applying HomA(—, (Ae (g)_R {K/R))®^) to the short exact sequence 

0 —>• socM —)• M —>■ M/ socM —>■ 0, 

there is an injection M ^ (Ae (Sr {K/R))®^. So we proved the converse implication. □ 

6 . Cluster algebra structure on coordinate rings of partial flag varieties 

The aim of this section is to apply results in previous sections to categorify the cluster algebra 
structure of the multi-homogeneous coordinate rings C[J^] of the partial flag variety (F = (F{A, J) 
corresponding to a Dynkin diagram A and a set J of vertices of A by using the category of Cohen- 
Macaulay modules. To be more precise, recall that Geiss-Leclerc-Schroer introduced in |GLS2) a 
cluster algebra A C C[J^]. They proved that A = C[J^] in type A„. In general, they conjecture 
that A[Ej^] = where Ej is the set of principal generalized minors corresponding to 

non-minuscule weights (see Definition 16.31 of principal generalized minors), and they prove the 
conjecture in type D 4 . 

The main result of this section (Theorem 16.121) consists in completing Geifi-Leclerc-Schroer’s 
partial categorification of A. Their categorification (Theorem 16.61) uses the preprojective algebra 
n = n(A) over C and the full subcategory Sub Qj of mod 11, where Qj is the direct sum of indecom¬ 
posable injective Il-modules corresponding to vertices in J. Recall that a Frobenius category £ is 
said to be stably 2-Calabi-Yau if there is a bifunctorial isomorphism Ext^(X, Y) = Ext£(y, X) and 
that SubQj is stably 2-Calabi-Yau. Moreover, an object X in £ is called rigid if Ext£(A, A) = 0 
and it is called cluster tilting if add A = {Y G £ \ ExtgfY, X) = 0}. 

6.1. The categorification of Geiss-Leclerc-Schroer. In this section, we recall briefly the re¬ 
sults of |GLS2] concerning the categorification of cluster algebra structures on multi-homogeneous 
coordinate rings of partial flag varieties. We start by fixing a simple simply connected complex 
algebraic group G with Dynkin diagram A. We fix a maximal torus H C G and two opposite Borel 
subgroups R, B~ C G satisfying B D B~ = H (for more details about Lie theoretical background, 
see [Borl ILGj b For a vertex i of A, we fix 

a;i(t) := exp(tei) and yi{t) := exp{tfi) 

the one parameter subgroups of B and B~ corresponding to the Chevaley generators and fi 
of the Lie algebra of G. Following notations of |GLS2) . we define K to be the complement of J. 
The parabolic subgroup Br (respectively, opposite parabolic subgroup Bfr) of G is the subgroup 
generated by B (respectively, B~) and yi (respectively, Xi) for i € K. The partial flag variety T 
can be realized as A = Bf^\G. Let Nr be the unipotent radical of Br, that is the subgroup of 
unipotent elements of the maximal solvable normal subgroup of Br. Then, it is a classical result 
that Nr C G induces an embedding Nr C A as a dense affine open subset. 
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and it is immediate that B^\G parametrizes naturally flags of C® of type 1, 3. 

Let i = (fi, 12 , • ■ ■, be a sequence of vertices of A, k = (fci, ^ 2 , ■ • ■, be a sequence of 
non-negative integers and t = (ti, ^ 2 , • ■ ■, be a sequence of variables. We denote 

• the sequence of indices obtained from i by repeating kj times ij ; 

^ ik ._ 4.ki4.^2 , , , j-^e.. 

“ L •— ^2 ' ' ’ f-'^ 5 

• k! := fci!fc 2 ! ■ • • kel; 

• a;i(t) := Xi^ (^ 2 ) ■ ■ ■ Xi^ (ti). 

We denote by $M,i the variety of composition series of M of type i, that is 

$M 4 := {0 = Mo C Ml c • • • C = M I Vj, ^ 5,,} 

realized within the appropriate product of Grassmannians. Finally y is the Euler characteristic. 

In [GLSlj . using Lusztig’s semicanonical basis [Lus] . Geiss-Leclerc-Schroer define functions in 
the coordinate ring C[N] = C[iV 0 ] by the following result: 

Theorem 6.2 f |Lusl IGLSlj l. Let M G mod 11. There exists a unique function (pM in C[7V] 
satisfying 

fk 

TMixi{t)) = 

keN^ 

for any reduced word i of an element of the Weyl group of type A. 

In |GLSI| . they also prove that 

• V^Y©z = TyTz for any Y, Z G mod 11; 

• if y and Z are indecomposable such that dimExtn(Y, Z) = 1 and 

O^r^U^Z^O and O^Z^U'^Y^O 
are two non-split short exact sequences, then 'py'-Pz = Tv + Tv ■ 

In other terms, is a so-called cluster character. 

In |GLS2) . the authors prove that Sub Qj categorifies via t and the canonical projection C[A] -» 
C[7Vi^] a cluster algebra A C C[Aif]. They prove in type An and D 4 that A = and they 

conjecture it to be true in any case. 

Let us introduced generalized principal minors (see [EZIj l: 

Definition 6.3. For a vertex i of A, the corresponding principal generalized minor is defined on 
G as the unique function A^ satisfying 

A^{x~xox~^) = Ai(a;o) 

for x~ S B~, xq € H, x~^ G B and Ai\H : H ^ C* is the multiplicative character corresponding 
to the fundamental weight indexed by i. 

It is known that T = Bf^\G is embedded in a product of projective spaces indexed by J (in type 
An, a product of usual Grassmannians). Thus, we can define the multi-homogeneous coordinate ring 
C[J'], graded by Each of the A j is homogeneous of degree (0,..., 0,1, 0,..., 0) where I is at 
position j and Nk is the open dense affine subset of T defined by Nk = {x G G J, Aj (x) ^ 0} 

so there is a dehomogenization map C[J'] -» C[fVif ] defined by mapping Aj to 1. Eor any / G C[fVi<'] 
there is a unique homogeneous / G C[J^] such that 7 r(/) = / and the multi-degree of / is minimal 
for the order induced by fundamental weights |GLS21 Lemma 2.4]. 
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Example 6.4. We continue Example 16.II It this case, Ai corresponds to the upper-left coefficient 
and A 3 corresponds to the determinant of the upper-left (3 x 3)-submatrix. Then B^\G is a 
closed subset of Gri(C^) x Gr 3 (C®), by mapping M € to the subspaces generated by the first 
row on the one hand and the first three rows on the second hand. So, as usuaf, thanks to Pfiicker 
coordinates, we have 

F c Gri(C®) X Gr 3 (C*^) c P x P ( 0 ( 3 )) . 

Then, we have two affine subspaces of Gri(C®) and of Gr 3 (C^) defined by the non¬ 

vanishing of the leftmost determinants, which are Pliicker coordinates and correspond to Ai and 
A 3 as functions over G. Moreover, Nk = x ^{ 3 }^^) H F. 

In order to extend the cluster algebra A C C[A;f] to a cluster algebra A C€.[F] by adding co¬ 
efficients Aj corresponding to the multi-homogenization, Geiss-Leclerc-Schroer prove the following 
theorem. 


Theorem 6.5 f [GLS21 10.1]). If Y, Z G SubQj, then (fvez = ‘Py^Pz- If Y, Z G SubQj satisfy 
dimExtJj(y, Z) = 1, and 

O^Y ^ Z ^0 and O^Z^U'^Y^O 


are non-split short exact sequences then 

(pvpz = P>uW_ A"" -b (pv A^" 

j&J 


where 


aj = max(0, dimHomn(S'_,-, U') — dimHomn(S'j, U)) 
and Pj = max(0, dimHomn(S'j, U) — dimHomn(S'j, U')). 


To construct A using Theorem l6.5l Geiss-Leclerc-Schrber constructed an explicit cluster tilting 
object in SubQj that they call initial. A cluster tilting object in SubQj is called reachable if it 
is obtained from the initial one by successive mutations. An indecomposable rigid object is called 
reachable if it is a direct summand of a reachable cluster tilting object. Their result can be stated 
as follows. 


Theorem 6.6 f |GLS21 Theorem 10.2]). (a) There is a cluster algebra A C C[B] such that: 

• coefficients of A are c for each coefficient c of A and Aj for each j G J; 

• clusters of A are {ii, 0 : 2 ,..., xi\ U {Aj j j G J} for each cluster {xi,X 2 , ■ ■ ■, xg} of A. 

(b) There is a bisection X 1 —>■ fx between 

• isomorphism classes of reachable indecomposable rigid objects ofSuhQj; 

• cluster variables and coefficients of A except Aj for j G J. 

(c) There is a bijection T/c >■ {tti , ‘PT 2 > • ■ •) TTi } LI {Aj j j G J} between 

• isomorphism classes of reachable basic cluster tilting objects ofSubQj; 

• clusters of A. 

Moreover, it commutes with mutation of cluster tilting objects and mutation of clusters. 

6.2. Categorification of the cluster algebra structure of C[B] using CMg A. We keep the 
setting of the beginning of this section, and we fix R := C|t]. Our aim is to categorify C[B(A, J)] 
by a category CMg A where A is an i?-order and e G A is an idempotent. We denote hy g = gj 
the idempotent of ft corresponding to the set J. We also denote Ij := Homn(n/(( 7 ), 11) which is 
the biggest ideal of 11 satisfying glj = 0. We observe that 

• injective modules corresponding to j G J in mod 11 and modtl/Jj coincide; 

• n/Jj G SubQj C modn//j C mod 11. 

We define pairs (A, e) permitting the categorification. 

Definition 6.7. A pair (A, e) where A is an i?-order and e G A is an idempotent models (A, J) if 
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• B := A/{e) = n(A)/Jj as C-algebras; 

• (El) ExtJj(CMe A, Ae) =0 and (E2) ^(mode A, Ae) =0; 

• -B-cotop induces a bijection from indAle to ind(soc(5j). 

Using the last condition of Definition 16.71 if (A,e) models (A, J), we can decompose e as sum 
of primitive orthogonal idempotents e = ™ such a way that for every j € J, 

B-cotop Acj = socQj. (6.1) 

In this context, we have the following equivalence of category: 

Lemma 6 .8. If {A, e) models (A, J), B — restrict to an exact bijective functor F : CMg A —>■ 
SubQj which induces an equivalence of exact categories {CM^, A)/[Ae] —?> SubQj. 

Proof. Thanks to Theorem l2.2l fcl and (d), F := B — : CMg A —>■ Sub U induces an equivalence 
of exact categories {CVAf.A)/\Ae] —?► Subt/ for some injective B-module [/, so F is exact bijective. 
By Lemma Fb.SI Idl. we have U = Qj, hence the statement holds. □ 

We start by proving the following proposition by applying the method of change of orders given 
in Theorem 12.31 

Proposition 6.9. Assume that {A^e) models (A, J). Then, for any subset J' of J, there exists 
an order A', explicitly constructed from A, and an idempotent e' of A' such that {A',e') models 

(A,J'). 

Proof. First of all, using indices of (16.111 . let e' = J2jej' Denote B := U/Ij and B' := U/Ijr 
Then B' is a quotient of Aj (e'). Let us check that {A, e') and B' satisfy the hypotheses of Theorem 
12.31 First of all, (Cl) is clear. By Lemma lS^ Qji = FX for some X G CMe A. Moreover, according 
to Proposition 15.91 fal. B-cotopTX = socQj' so TX = Ae'. Therefore, thanks to Lemma [5.41 we 
get 

B' G SubQj/ C Sub(Ae' (K/R)), 

hence (C2) is satisfied. It is immediate that CM^ A C CMgA so, thanks to (El), we get (C3) 
ExtJi(CMf^' A,Ae') =0. 

We apply Theorem 12.31 to the pair {A,e') to get an explicit order A'. Let us show that {A',e') 
models (A,J'). We have B' = A'l{e') by Theorem 12.31 ("al. Moreover, {A',e') satisfies (El) 
and (E2)+ by Theorem 12.31 (b), so it also satisfies (E2). It remains to check for j G J' that 
B-cotop(^'ej) = Sj. Thanks to Proposition 15.121 and Lemma 15.131 applying B to 0 —>■ Acj —>■ 
B-corad(^ej) Sj ^ Q gives a short exact sequence 0 —>■ ^ H{B-covd,d{Aej)) Sj ^ 0 

which does not split. Moreover, H{B-coia,d{Aej)) G CMg' so Sj is a summand of B-cotop(A'ej). 
So, thanks to Lemma 15.81 B'-co\.op{A' Cj) = Sj. □ 

As a consequence, we obtain the following important result of this paper: 

Theorem 6.10. For any Dynkin diagram A and any set J of vertices of A there exists a pair 
(A, e) which models (A, J). 

Proof. As n is selfinjective, thanks to Corollary [Cj there exist an order A and an idempotent e 
of A such that A/{e) = 11 as C-algebras and Di{Ae) = (1 — e)A as right A-modules. So it is 
immediate that (A, e) models (A, Ag) where Aq is the set of vertices of A. Then, Proposition l6.91 
allows us to conclude immediately. □ 

Notice that the pair (A, e) in Theorem 16.101 is not unique. We will construct in [Dlj other 
possibilities than the one considered in this paper. 

We now fix a pair (A, J) and a pair (A, e) modelling it. We will prove that CMe A categorifies 
the cluster algebra structure of A. From now on, we consider F : CMe A —SubQj as in Lemma 
16.81 Since the category Sub Qj is stably 2-Calabi-Yau, CMg A is also stably 2-Calabi-Yau. We now 
extend the character (p to CMe A: 
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Definition 6.11. For Y G CMg >1, we define ij^Y £ .4 as follows. If Y does not have non-zero direct 
summands in add^le, then ipy ■= (ppY- For j G J, tpAej '■= Aj, and we extend the definition to 
CMe A by the property i/'vez = i’vi’z- 

The following main result of this subsection improves Theorem 16.61 of Geiss-Leclerc-Schroer: 

Theorem 6.12. (a) ip induces a bijection between 

• isomorphism classes of reachable indecomposable rigid objects of CMf, A; 

• cluster variables and coefficients of A. 

(b) ip induces a bijection between 

• isomorphism classes of reachable basic cluster tilting objects of CM^ A; 

• clusters of A. 

Moreover, it commutes with mutation of cluster tilting objects and mutation of clusters. 

We start by proving that i/i is a cluster character, extending Theorem l6.5l 
Proposition 6.13. (a) IfY,Z G CMe A, then "ipYisiZ = f’Y'f’z- 

(b) IfY, Z G CMe A are indecomposable and dimExt^(y, Z) = 1 (or equivalently dimExt^(.Z, Y) = 
1), we have ipY'f’z = '4’u + f’U' where 

fi:0^Y^U^Z^0 and ^2 ■ 0 ^ Z ^ U' ^ Y ^ 0 

are two non-split short exact sequences. 

We need the following lemma, stated without proof in [GLS2) . which can also be seen as a 
corollary of the much more general |GLS31 Proposition 12.4]. For the sake of convenience, we give 
a direct proof. 

Lemma 6.14. For any j G J, at least one of the following complexes is exact: 

Homn(S'j, FCi) : 0 Homn(5'j, EE) ^ Homn(S'j, Ft/) ^ Homn(5'j, FZ) ^ 0 , 

Homn {Sj , F^a) : 0 Homn {Sj , FZ) -Y Homn {Sj , FU') -Y Homn {Sj , FY) -Y 0. 

Proof. Applying F to and ( 2 , we get short exact sequences F^i and F^ 2 - Applying Homn(5'j, —) 
to F^i and F^ 2 , it is enough to show that at least one of the induced morphisms 

Homn [Sj , FZ) -Y Extn {Sj , FY) and Homn (Sj , FE) ^ Extn {Sj , FZ) 

vanishes. Without loss of generality, suppose that there exists f : Sj ^ FZ such that the induced 
extension in Extn(*S'j, FE) is non-zero. We deduce that 

Extn(/,FE) : Extn(FZ,FE) Extn(5'j,FE) 

is non-zero, so injective as dimExtnCFE, FE) = 1. As H is stably 2-Calabi-Yau, we get that 

Extn(FE, /) : Extn(FE, Sj) -Y Extn(FE, FZ) 

is surjective, so there is a pushout diagram 

0-^ Sj -^ M -^ FE-^ 0 

\f 1 II 

0-s- FZ -^ FU' -^ FE-^ 0 

the second row of which is the image by F of the short exact sequence of Proposition 16.131 (b). 
So, as Extn(*S'j, Fj) = 0, any g : Sj ^ FY factors through M, hence through FU'. Therefore, the 
map Homn {Sj , FE) —>• Ext^ {Sj,FZ) vanishes. □ 


Proof of vrovosition W.13[ (a) ft is an obvious consequence of the property for (p and our definition 
of -ip. 
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(b) Consider decompositions U = Uq (B Ui and U' = Uq (B U[ where Ui and U[ are maximal 
direct summands contained in add Ae. Thanks to Proposition 15.91 (b), we have 

Ui = and U[ = 

jeJ jsJ 

where, for j e J, 

• Uj = dimHomn/ 7 j(Sj, fy) = dimHomn(Sj, fT); 

• bj = dimHomn/ 7 j (Sj, FZ) = dimHomn(Sj, FZ); 

• Ci = dimHomn/7j(<5'j,FC/) = dimHomn(S'j, FF); 

• c- = dimHomn/ 7 j(>S'j,FF') = dimHomn(5'j, FF'). 

By Lemma [6T4j using a^-’s and /3_,’s of Theorem l6.51 we have aj + bj — cj = max(0, c' —Cj) = aj 
and Uj + bj — c'j = /3j. Thus, Theorem [6^ implies 

4’y 4’Z = <fFY^FZ = <PFU + tfFui A^'’ = 'i/’UoV’Ui + 4’UI,4’U[ = + i’U'■ D 

jeJ jeJ 

Now, we can deduce the proof of Theorem 16. 121 

Proof of Theorem A6.12[ Using Theorem 16.61 it is enough to observe that F : CMgA —> SubF 
induces a bijection between isomorphism classes of basic cluster tilting objects. This is immediate 
as F induces a triangle equivalence CM „A = Sub F. More precisely, basic cluster tilting objects of 
CMe A are of the form Ae © T where T has no direct summand in add Ae, and the indecomposable 
direct summands of T correspond bijectively to the indecomposable direct summands of FT. □ 

References 

[AIR] Claire Amiot, Osamu lyama, and Idun Reiten. Stable categories of Cohen-Macaulay modules and cluster 
categories. Amer. J. Math., 137(3):813-857, 2015. 

[AR] Maurice Auslander and Idun Reiten. Applications of contravariantly finite subcategories. Adv. Math., 
86(1):111-152, 1991. 

[Ara] Tokuji Araya. Exceptional sequences over graded Cohen-Macaulay rings. Math. J. Okayama Univ., 41:81- 
102 (2001), 1999. 

[Aus] Maurice Auslander. Functors and morphisms determined by objects. In Representation theory of algebras 
(Proc. Conf., Temple Univ., Philadelphia, Pa., 1976), pages 1-244. Lecture Notes in Pure Appl. Math., 
Vol. 37. Dekker, New York, 1978. 

[BFZ] Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky. Cluster algebras. III. Upper bounds and double 
Bruhat cells. Duke Math. J., 126(l):l-52, 2005. 

[BKM] Karin Baur, Alastair King, and Robert J. Marsh. Dimer models and cluster categories of Grassmannians. 
arXiv: 1309.6524. 

[Bor] Armand Borel. Linear algebraic groups, volume 126 of Graduate Texts in Mathematics. Springer-Verlag, 
New York, second edition, 1991. 

[Che] Xiao-Wu Chen. Three results on Frobenius categories. Math. Z., 270{l-2):43-58, 2012. 

[CR] Charles W. Curtis and Irving Reiner. Methods of representation theory. Vol. I. John Wiley Sz Sons Inc., 
New York, 1981. With applications to finite groups and orders, Pure and Applied Mathematics, A Wiley- 
Interscience Publication. 

[DI] Laurent Demonet and Osamu lyama. Lifting finite dimensional algebras to orders II. in preparation. 

[DLl] Laurent Demonet and Xueyu Luo. Ice quivers with potential associated with triangulations and Cohen- 

Macaulay modules over orders. Trans. Amer. Math. Soc., 368(6):4257-4293, 2016. 

[DL2] Laurent Demonet and Xueyu Luo. Ice quivers with potential arising from once-punctured polygons and 
cohenmacaulay modules. Publ. Res. Inst. Math. Sci., 52(2):141-205, 2016. 

[FZl] Sergey Fomin and Andrei Zelevinsky. Double Bruhat cells and total positivity. J. Amer. Math. Soc., 
12(2):335-380, 1999. 

[FZ2] Sergey Fomin and Andrei Zelevinsky. Cluster algebras. 11. Finite type classification. Invent. Math., 
154(1):63-121, 2003. 

[GLSl] Christof Geifi, Bernard Leclerc, and Jan Schroer. Semicanonical bases and preprojective algebras. Ann. 
Sci. Ecole Norm. Sup. (4), 38(2):193-253, 2005. 

[GLS2] Christof Geifi, Bernard Leclerc, and Jan Schroer. Partial flag varieties and preprojective algebras. Ann. 
Inst. Fourier (Grenoble), 58(3):825-876, 2008. 

[GLS3] Christof Geifi, Bernard Leclerc, and Jan Schroer. Kac-Moody groups and cluster algebras. Adv. Math., 
228(l):329-433, 2011. 








LIFTING ALGEBRAS TO ORDERS AND CATEGORIFICATION 


37 


[HIMO] Martin Herschend, Osamu lyama, Hiroyuki Minamoto, and Steffen Oppermann. Representation theory of 
Geigle-Lenzing complete intersections. arXiv: 1409.0668. 

[IT] Osamu lyama and Ryo Takahashi. Tilting and cluster tilting for quotient singularities. Math. Ann., 
356(3):1065-1105, 2013. 

[JKS] Bernt Jensen, Alastair King, and Xiuping Su. A category for Grassmannian cluster algebras. arXiv: 
1309.7301. 

[Kel] Bernhard Keller. Ghain complexes and stable categories. Manuscripta Math., 67(4):379-417, 1990. 

[KR] Bernhard Keller and Idun Reiten. Acyclic Calabi-Yau categories. Compos. Math., 144(5):1332-1348, 2008. 
With an appendix by Michel Van den Bergh. 

[KSTl] Hiroshige Kajiura, Kyoji Saito, and Atsushi Takahashi. Matrix factorization and representations of quivers. 
II. Type ADE case. Adv. Math., 211(l):327-362, 2007. 

[KST2] Hiroshige Kajiura, Kyoji Saito, and Atsushi Takahashi. Triangulated categories of matrix factorizations for 
regular systems of weights with e = — 1. Adv. Math., 220(5); 1602-1654, 2009. 

[LG] Venkatramani Lakshmibai and Nicolae Gonciulea. Flag varieties. Paris: Hermann, Editeurs des Sciences 
et des Arts, 2001. 

[Lus] George Lusztig. Semicanonical bases arising from enveloping algebras. Adv. Math., 151(2):129-139, 2000. 

[LW] Graham J. Leuschke and Roger Wiegand. Cohen-Macaulay representations, volume 181 of Mathematical 
Surveys and Monographs. American Mathematical Society, Providence, RI, 2012. 

[Qui] Daniel Quillen. Higher algebraic K-theory. I. In Algebraic K-theory, I: Higher K-theories (Proc. Conf., 
Battelle Memorial Inst., Seattle, Wash., 1972), pages 85—147. Lecture Notes in Math., Vol. 341. Springer, 
Berlin, 1973. 

[Sco] Joshua S. Scott. Grassmannians and cluster algebras. Proc. London Math. Soc. (S), 92(2):345—380, 2006. 

[Sim] Daniel Simson. Linear representations of partially ordered sets and vector space categories, volume 4 of 
Algebra, Logic and Applications. Gordon and Breach Science Publishers, Montreux, 1992. 

[TV] Louis de Thanhoffer de Volcsey and Michel Van den Bergh. Explicit models for some stable categories of 
maximal Cohen-Macaulay modules. arXiv: 1006.2021, to appear in Math. Res. Lett., June 2010. 

[Yos] Yuji Yoshino. Cohen-Macaulay modules over Cohen-Macaulay rings, volume 146 of London Mathematical 
Society Lecture Note Series. Gambridge University Press, Gambridge, 1990. 

L. Demonet: Graduate School of Mathematics, Nagoya University, Furocho, Ghikusaku, Nagoya 

464-8602, Japan 

E-mail address: Laurent.Demoiiet@iiorinalesup.org 

URL: http://www.math.nagoya-u.ac.jp/^demonet/ 

O. Iyama: Graduate School of Mathematics, Nagoya University, Furocho, Ghikusaku, Nagoya 464- 

8602, Japan 

E-mail address: iyama@math.nagoya-u.ac.jp 

URL: http: //www. math. nagoya-u. ac. jp/"iyama/ 



